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A VARIATIONAL APPROACH TO THE YAU-TIAN–DONALDSON
CONJECTURE
ROBERT J. BERMAN, SE´BASTIEN BOUCKSOM, AND MATTIAS JONSSON
Abstract. We give a variational proof of a version of the Yau–Tian–Donaldson conjecture for
twisted Ka¨hler-Einstein currents, and use this to express the greatest (twisted) Ricci lower bound
in terms of a purely algebro-geometric stability threshold. Our approach does not involve the
continuity method or Cheeger-Colding-Tian theory, and uses instead pluripotential theory and
valuations. Along the way, we study the relationship between geodesic rays and non-Archimedean
metrics.
Contents
Introduction 1
1. Finite energy potentials and psh geodesics 6
2. Twisted Ka¨hler-Einstein currents and coercivity 10
3. Valuations and stability 15
4. Psh rays and Lelong numbers 17
5. Ding-stability and twisted Ka¨hler-Einstein currents 19
6. Non-Archimedean potentials of finite energy and geodesic rays 23
7. The stability threshold and the greatest Ricci lower bound 27
Appendix A. Estimates 30
References 31
Introduction
The Yau-Tian-Donaldson conjecture is a central conjecture in Ka¨hler geometry, whose broad goal
is to relate the existence of a ’special’ metric in a given Ka¨hler cohomology class to an algebro-
geometric condition of stability. For metrics in the anticanonical class of a Fano manifold X, the
conjecture asserts that X admits a Ka¨hler-Einstein metric iff X is K-polystable; it was settled a
few years ago by Chen-Donaldson-Sun [CDS15] (see also [Tia15]), following a strategy based on a
continuity method with respect to the cone angle of a Ka¨hler-Einstein metric with cone singularities
along a fixed anticanonical divisor, as well as an in-depth use of the Cheeger-Colding-Tian theory of
Gromov-Hausdorff limits of Ka¨hler manifolds with Ricci bounds. Shortly thereafter, a proof based
on the ’classical’ continuity method was provided by Datar and Sze´kelyhidi [Sze´16, DS16], followed
by another one by Chen-Sun-Wang [CSW18], based on the Ka¨hler-Ricci flow.
In the preprint version [BBJ15] of the present paper, we proved that a Fano manifold X without
nontrivial holomorphic vector fields admits a Ka¨hler-Einstein metric iff X is uniformly K-stable.
While only a special case of the previous results, one virtue of our approach, which is based on
variational arguments and regularization techniques from pluripotential theory, lies in its relative
simplicity. Our variational method easily extends to the setting of twisted Ka¨hler-Einstein currents,
and contains, in particular, the smooth setting in [DS16], as well as the log Fano case, at least as long
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as the underlying variety is smooth (compare [LTW17]). Moreover, our approach naturally leads to
an algebro-geometric description of the greatest (twisted) Ricci lower bound. The present paper is
thus an expanded version of [BBJ15], upgraded to the setting of twisted Ka¨hler-Einstein currents.
Main results. Let X be a (smooth) projective manifold, L an ample Q-line bundle on X, and θ a
closed, quasi-positive (1, 1)-current on X, i.e. the sum of a positive current and a smooth form. A
θ-twisted Ka¨hler-Einstein current is a positive (1, 1)-current ω ∈ c1(L), of finite energy in the sense
of [BBGZ13], such that
Ric(ω) = λω + θ, λ ∈ R. (TKE)
In the smooth case, this equation amounts to a complex Monge-Ampe`re equation for a potential of
ω, and pluripotential theory thus provides an interpretation of (TKE) in the singular case as well.
The constant λ is determined by the cohomological condition
c1(X, θ) := c1(X)− [θ] = λc1(L).
In case λ ≥ 0, the Monge-Ampe`re formulation shows that (TKE) only admits a solution when θ is klt1
(see Section 2 below for details). By [BBEGZ16], each solution ω of (TKE) is an honest Ka¨hler form
on any open set on which θ is smooth. In case θ is the integration current on an effective Q-divisor
∆ with (X,∆) klt, ω further has cone singularities along the normal crossing part of ∆ [GP16].
When λ < 0 (resp. λ = 0 and θ klt), the variational approach of [BBGZ13] provides a unique
solution to (TKE) (compare [BG14]), generalizing classical results of Aubin and Yau [Aub78, Yau78].
We refer to [Tsu08, ST12, Tos10] for natural examples attached to Calabi-Yau fibrations, with θ of
Weil-Petersson type.
The main result of the present paper deals instead with the ’twisted Fano case’.
Theorem A. Let X be a smooth projective manifold, L an ample Q-line bundle, and θ a semipositive
klt current such that c1(X, θ) = c1(L).
(i) If c1(L) contains a θ-twisted Ka¨hler-Einstein current (resp. a unique θ-twisted Ka¨hler-Einstein
current), then (X,L) is Ding-semistable (resp. uniformly Ding-stable) with respect to θ.
(ii) Conversely, if (X,L) is uniformly Ding-stable with respect to θ, then c1(L) contains a θ-
twisted Ka¨hler-Einstein current.
The notion of Ding-stability used here is phrased in terms of the non-Archimedean Ding functional,
defined on test configurations and involving the log discrepancy Aθ(v) of divisorial valuations v on
X with respect to the ’klt pair’ (X, θ). In the preprint version [BBJ15] of the present paper, uniform
Ding-stability was shown to be equivalent to uniform K-stability (as defined in [BHJ17, Der16]) in
the usual Fano case (L = −KX , θ = 0), building on the Minimal Model Program very much in the
same way as [LX14]; this equivalence was then extended to the log Fano case in [Fuj16a]. As a result,
we obtain:
Theorem B. Let (X,∆) be a log Fano manifold, i.e. X is a smooth projective variety and ∆ an
effective Q-divisor such that (X,∆) is klt and −(KX + ∆) is ample. The the following conditions are
equivalent:
(i) c1(X,∆) contains a unique ∆-twisted Ka¨hler-Einstein current;
(ii) c1(X,∆) contains a ∆-twisted Ka¨hler-Einstein current, and Aut(X,∆) is finite;
(iii) the log Fano pair (X,∆) is uniformly (log) K-stable.
As already mentioned, when ∆ = 0, Theorem B is basically a special case of [CDS15, DS16,
CSW18]. Closely related results were obtained in [LS14, SW16] when supp ∆ is a smooth divisor,
and in [LTW17] in the general case (building on the preprint version [BBJ15] of the present paper).
1A shorthand for Kawamata log terminal, borrowed from birational geometry.
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As we now explain, Theorem A also yields a purely algebro-geometric description of the greatest
(twisted) Ricci lower bound in terms of a stability threshold. Given a polarized manifold (X,L) and
a klt current θ, the greatest twisted Ricci lower bound βθ(X,L) is defined as the supremum of all
β ∈ R for which there exists a current of finite energy ω ∈ c1(L) such that Ric(ω) ≥ βω + θ (by
which we mean that the difference is smooth and semipositive). This invariant is clearly bounded
above by the nef threshold sθ(X,L), i.e. the supremum of s ∈ R with c1(X, θ)− sc1(L) nef.
In the usual smooth Fano case (L = −KX , θ = 0), the greatest Ricci lower bound was first
implicitly considered in [Tia92] (see also [Rub08, Rub09]), and further studied [Sze´11], where it was
shown in particular to coincide with the existence time in Aubin’s continuity method. Note also that
the nef threshold is equal to 1 in that case.
Slightly extending [BlJ17, BoJ18b], we introduce on the other hand the stability threshold
δθ(X,L) := inf
v
Aθ(v)
SL(v)
,
where v ranges over all divisorial valuations on X, Aθ(v) is the log discrepancy of v mentioned
above, and SL(v) is the expected vanishing order of multisections of L along v, defined as the limit as
m→∞ of the (scaled) mean value of v on sections of mL. Following [BlJ17, BoJ18b], we show that
the stability threshold above coincides with the twisted analogue of the invariant originally defined
in [FO16], i.e.
δθ(X,L) = lim
m→∞ inf {lctθ(D) | D of m-basis type} ,
where a divisor of m-basis type is a Q-divisor of the form
D =
1
mNm
Nm∑
j=1
div(sj)
for some basis (s1, . . . , sNm) of H
0(mL), and
lctθ(D) = inf
v
Aθ(v)
v(D)
is the log canonical threshold of D with respect to θ. As in [BoJ18b], we use non-Archimedean
pluripotential theory to show that for each δ ∈ Q>0, (X, δL) is Ding-semistable (resp. uniformly
Ding-stable) with respect to θ iff δ ≤ δθ(X,L) (resp. δ < δθ(X,L)), which characterizes δθ(X,L) and
explains the chosen terminology. Using Theorem A, it is then easy to infer:
Theorem C. If (X,L) is a polarized manifold and θ a semipositive klt current, then
βθ(X,L) = min{δθ(X,L), sθ(X,L)}.
In the usual smooth Fano case, this result was independently obtained in the appendix of [CRZ18],
as a consequence of [LS14, SW16], and hence ultimately [CDS15] (see also [Li11] for the toric case
and [Cab18] for the case of Fano manifolds of complexity one with respect to a torus action).
The usefulness of the stability threshold to the study of K-stability has recently been further
explored in several works, such as [PW16, CZ18, CP18, BlL18, BlX18].
Coercivity and Ding-stability. We now describe our strategy of proof of Theorem A. Choose
a Ka¨hler form ω0 ∈ c1(L), so that finite energy currents in c1(L) get parametrized by the space
E1 = E1(X,ω0) of finite energy potentials [GZ07, BBGZ13], a complete geodesic space with respect
to a metric d1 introduced by Darvas [Dar15].
By [BBEGZ16], if u ∈ E1, then ωu is a θ-twisted Ka¨hler-Einstein current iff u minimizes the
Ding-functional Dθ = Lθ − E, where
Lθ(u) = − 12 log
ˆ
X
e−2uµθ
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for a certain probability measure µθ, and E is the Monge-Ampe`re energy functional. Further, Dθ
admits a minimizer in E1 as soon as it is coercive, i.e. Dθ ≥ εJ −C for some constants ε, C > 0, with
J ≥ 0 denoting the Aubin energy functional. A key ingredient here is the convexity of Dθ along psh
geodesics in E1, a consequence of [Bern09].
In a first step towards Theorem A, we prove that Dθ is coercive iff Dθ(Ut) → +∞ along each
non-trivial (psh) geodesic ray U : R≥0 → E1 (cf. Corollary 2.17), which equivalently means that the
slope at infinity of Dθ along U is positive. The proof is based on the thermodynamical formalism
of [Berm13], which shows that the coercivity of Dθ is equivalent to that of the twisted K-energy, and
on an argument by contradiction inspired by [DH17, DR17], based on the entropy/energy compact-
ness theorem of [BBEGZ16] and convexity of the K-energy [BB17].
We next consider (normal, ample) test configurations for (X,L), which we view as in [BHJ17,
BoJ18b] as a space HNA of functions ϕ on the set XdivQ of (Q-valued) divisorial valuations on X.
To each test configuration is attached a geodesic ray [PS06, Berm16], giving rise to a one-to-one
correspondence between HNA and geodesic rays with algebraic singularities (emanating from 0). It
further follows from [BHJ16, Berm16] that to each functional F among E,Lθ, Dθ, J corresponds a
non-Archimedean version FNA : HNA → R, with the property that
lim
t→∞ t
−1F (Ut) = FNA(ϕ)
for the geodesic ray U with algebraic singularities associated to ϕ ∈ HNA. In particular,
LNAθ (ϕ) = inf
XdivQ
(Aθ + ϕ) ,
where Aθ > 0 denotes as above the θ-twisted log discrepancy function.
We say that (X,L) is Ding-semistable (resp. uniformly Ding-stable) with respect to θ if DNAθ ≥ 0
on HNA (resp. DNA ≥ εJNA for some ε > 0). As we just saw, uniform Ding-stability precisely means
that Dθ grows uniformly at infinity along geodesic rays with algebraic singularities. In order to
show Theorem A, it remains to show that this condition implies that Dθ grows along all non-trivial
geodesic rays in E1.
To do this, we attach to each such ray U a function UNA on X
div
Q , defined in terms of Lelong
numbers, and compatible with the previous discussion when U has algebraic singularities. Using
the characterization of integrability exponents of psh functions in terms of Lelong numbers [FJ05b,
BFJ08], we prove that the Lθ part of the Ding functional Dθ = Lθ − E satisfies
lim
t→∞ t
−1Lθ(Ut) = LNAθ (UNA),
where the right-hand side is defined by the same formula as above. On the other hand, we show that
Demailly’s approximation technique, based on multiplier ideals, gives rise to a sequence of rays (U j)
with algebraic singularities such that LNA(U jNA) → LNA(UNA) and ENA(U jNA) ≥ limt→∞ t−1E(Ut),
which is enough to conclude that Dθ(Ut) = Lθ(Ut)− E(Ut) has positive slope at infinity.
From geodesic rays to non-Archimedean functions of finite energy, and back. As we now
explain, the previous arguments admit a natural interpretation in the framework of non-Archimedean
pluripotential theory, leading to a refined version of Theorem A.
In [BFJ16, BFJ15], a non-Archimedean version of the Calabi-Yau theorem was first obtained for
smooth, projective Berkovich spaces over fields of Laurent series. In [BoJ18a], this was adapted to the
trivially valued case, in which the Berkovich analytification XNA of a projective variety X provides
a natural compactification of the set of divisorial valuations on X. Given a polarization L, normal,
ample test configurations for (X,L) are in one-to-one correspondence with non-Archimedean Ka¨hler
potentials, which form a space HNA = HNA(X,L) of continuous functions on the compact Hausdorff
space XNA. Functions of finite energy are defined as decreasing limits of sequences in HNA, forming
a space E1,NA, and the non-Archimedean Calabi-Yau theorem then shows that the Monge-Ampe`re
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operator induces a one-to-one correspondence between E1,NA/R and Radon probability measures of
finite energy on XNA.
In Section 6, we revisit the arguments used in the proof of Theorem A in the light of this theory.
We prove that the function UNA attached to a geodesic ray U in E1 belongs to E1,NA, and we
conversely attach to each ϕ ∈ E1,NA a unique maximal geodesic ray in E1. This allows us to refine
Theorem A as follows:
Theorem D. Let (X,L) be a polarized manifold, and θ a semipositive klt current such that c1(X, θ) =
c1(L). The following are equivalent:
(i) the Ding functional Dθ is coercive on E1;
(ii) the non-Archimedean Ding functional DNAθ is positive on all non-constant functions in E1,NA.
(iii) (X,L) is uniformly Ding-stable with respect to θ.
Discussion and outlook. The methods used in this paper are likely to generalize to a number of
settings of interest.
• Singular case. Thanks to the preliminary work done in [BBEGZ16], every step in the proof
of Theorem A adapts to general Q-Fano varieties, and even log Fano pairs, except for one
crucial exception: while the multiplier ideal sheaf of a (locally defined) psh function u on a
smooth variety is less singular than u (a key consequence, due to Demailly, of the Ohsawa-
Takegoshi L2 extension theorem), this fails in general on singular varieties – in fact already
for certain surfaces with quotient singularities. Understanding the correct replacement of
Demailly’s approximation theorem on klt varieties is a fundamental problem, which should
provide a version of Theorem C for arbitrary log Fano varieties. Note, however, that a version
of Theorem C was announced in [LTW17] for singular Fano varieties admitting a crepant
resolution.
• Metrics of constant scalar curvature. Tremendous progress towards the Yau-Tian-
Donaldson conjecture for cscK metrics was recently achieved by Chen-Cheng [CC17, CC18a,
CC18b]. Considering for simplicity a polarized manifold (X,L) with finite automorphism
group (modulo the scaling action of C∗), their results, combined with [DR17, BDL17], show
that c1(L) contains a cscK metric iff the Mabuchi K-energy functional M grows at infinity
along each nontrivial geodesic ray in E1. On the other hand, it is known from [BHJ17]
that uniform K-stability amounts to the uniform growth at infinity of M along all rays with
algebraic singularities. The remaining part of the YTD conjecture is thus to show that an
arbitrary geodesic ray in E1 can be approximated by rays with algebraic singularities in such
a way that growth at infinity is preserved in the limit, which is precisely what we achieve in
the present paper for the Ding functional.
• Nontrivial automorphisms. Because coercivity of the Ding functional forces the automor-
phism group to be discrete, our strategy of proof is strictly limited to the case of finite auto-
morphism group at this point. However, the formulation of an appropriate version of coerciv-
ity in the presence of a group of automorphisms is by now well-understood [DR17, BDL17],
and it is natural to hope that unifom K-stability will similarly extend to a notion of uniform
K-polystability, leading to a general version of Theorem C (cf. [His16a, His16b] for some
progress in this direction). Similarly, it would be natural to hope for an equivariant version
of the stability threshold.
Organization of the paper. The paper is organized as follows.
• Section 1 recalls preliminary material on geodesics in the space of finite energy potentials.
• Section 2 reviews the thermodynamical formalism for twisted Ka¨hler-Einstein currents, and
proves a coercivity criterion which plays a key role in the proof of Theorem A.
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• Section 3 discusses test configurations and Ding-stability, emphasizing the valuative point of
view.
• Section 4 analyzes the singularities of a geodesic ray, whose Lelong numbers are encoded in
a function on the space of divisorial valuations.
• Section 5 proves Theorem A and B above.
• Section 6 studies the relation between geodesic rays in E1 and non-Archimedean functions of
finite energy, and proves Theorem D.
• Finally, Section 7 studies the stability threshold, and proves Theorem C.
Acknowledgment. We would like to thank Bo Berndtsson, Tama´s Darvas, Ruadha´ı Dervan, Philippe
Eyssidieux, Vincent Guedj, Tomoyuki Hisamoto, Julius Ross, Yanir Rubinstein, Song Sun, Ga´bor
Sze´kelyhidi, Ahmed Zeriahi and David Witt Nystro¨m for helpful comments and many conversations
over the years. R.B. was partially supported by the Swedish Research Council, the European Re-
search Council and the Knut and Alice Wallenberg foundation. S.B. was partially supported by
the ANR projects GRACK, MACK and POSITIVE. M.J. was partially supported by NSF grant
DMS-1600011, the Knut and Alice Wallenberg foundation, and the United States—Israel Binational
Science Foundation.
1. Finite energy potentials and psh geodesics
In what follows, (X,ω0) denotes an n-dimensional compact Ka¨hler manifold. In this preliminary
section, we discuss psh paths and geodesics in the space of ω0-psh functions on X. Most results are
known, except perhaps for the characterization of geodesics given in Corollary 1.8.
1.1. Finite energy potentials. Denote by PSH := PSH(X,ω0) the space of ω0-psh functions
u : X → [−∞,+∞), endowed with its natural weak topology, which coincides with the L1-topology.
The functional u 7→ supX u is continuous on PSH, and the space
PSHsup :=
{
u ∈ PSH | sup
X
u = 0
}
of sup-normalized ω-psh functions is compact. By [BK07], every u ∈ PSH can be written as the
pointwise limit of a decreasing sequence of Ka¨hler potentials, i.e. elements of
H := {u ∈ C∞(X) | ωu := ω0 + ddcu > 0} .
The Monge–Ampe`re energy functional E : H → R is the antiderivative of the Monge–Ampe`re
operator MA(u) := V −1ωnu , normalized by E(0) = 0. Here V :=
´
X
ωn0 , so that MA(u) is a
probability measure. The functional E is explicitly given by
E(u)− E(v) = 1
n+ 1
n∑
j=0
V −1
ˆ
X
(u− v)ωju ∧ ωn−jv (1.1)
for all u, v ∈ H, and hence
E(u+ c) = E(u) + c for u ∈ H, c ∈ R; (1.2)
u ≤ v =⇒ E(u) ≤ E(v) for u, v ∈ H, with equality iff u = v. (1.3)
It follows that the functional E admits a unique extension as a monotone, usc functional
E : PSH→ R ∪ {−∞},
obtained by setting for each u ∈ PSH
E(u) := inf {E(v) | v ∈ H, v ≥ u} .
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The space of finite energy potentials, first introduced in [GZ07] building upon the pioneering work
of Cegrell [Ceg98], can be defined as
E1 = E1(X,ω0) := {u ∈ PSH | E(u) > −∞} .
We also set
E1sup := E1 ∩ PSHsup =
{
u ∈ E1 | sup
X
u = 0
}
.
Unless otherwise specified, we endow E1 with the strong topology, defined as the coarsest refinement
of the weak topology in which E : E1 → R becomes continuous [BBGZ13, BBEGZ16].
Example 1.1. If X is a Riemann surface, i.e. n = 1, a function u ∈ PSH belongs to E1 iff it satisfies
the classical finite energy condition
´
X
du∧ dcu < +∞, which means that the gradient of u is in L2.
In other words, E1 is the intersection of PSH with the Sobolev space L21, and the strong topology is
the induced Sobolev norm topology.
The following criterion for strong convergence will be useful below.
Lemma 1.2. A sequence (ϕj) in E1 converges strongly to ϕ ∈ E1 iff lim supj→∞ ϕj ≤ ϕ pointwise
and E(ϕj)→ E(ϕ).
Proof. Strong convergence ϕj → ϕ by definition means E(ϕj)→ E(ϕ) and ϕj → ϕ weakly, and the
latter property is well-known to imply
lim sup
j
ϕj ≤ (lim sup
j
ϕj)
∗ = ϕ
pointwise, the star denoting usc regularization. Conversely, assume lim supj→∞ ϕj ≤ ϕ and E(ϕj)→
E(ϕ). In order to show that ϕj → ϕ strongly, it suffices to show that the non-negative quantity
Jϕ(ϕj) :=
ˆ
X
(ϕj − ϕ) MA(ϕ) + E(ϕ)− E(ϕj)
tends to 0, by [BBGZ13, Proposition 5.6]. But this follows from Fatou’s lemma, which yields
lim sup
j
ˆ
X
ϕj MA(ϕ) ≤
ˆ
X
(lim sup
j
ϕj) MA(ϕ) ≤
ˆ
X
ϕ MA(ϕ)
since we are dealing with functions bounded above. 
By [BBEGZ16], the mixed Monge–Ampe`re integralsˆ
X
u0 ωu1 ∧ · · · ∧ ωun
are well-defined for u0, . . . , un ∈ E1, and continuous with respect to (u0, . . . , un) in the strong topol-
ogy. In particular, (1.1)–(1.3) are still valid for u, v ∈ E1 [BBGZ13, Theorem 4.1].
1.2. Psh paths. Every connected S1-invariant subset of C∗ is of the form
DI := {τ ∈ C∗ | − log |τ | ∈ I} ,
with I ⊂ R an interval (not necessarily open or closed). We are mainly interested in the case when
I is bounded below; then DI is an annulus or a punctured disc.
Slightly abusively, we will in what follows identify maps U : I → PSH with S1-invariant functions
on X × DI , the correspondence being given by
U− log |τ |(x) = U(x, τ).
Definition 1.3. A psh path2 is a map U : I → PSH defined on an open interval I ⊂ R, such that
corresponding function on X × DI is p∗1ω0-psh, with p1 : X × C→ X the first projection.
2Such a map was called a subgeodesic in [Bern15a, §2.2] and subsequent works.
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The condition implies in particular that t 7→ Ut(x) is convex on I for each fixed x ∈ X, and hence
admits limits in [−∞,+∞] as t tends to ∂I. Psh paths satisfy the following basic properties.
Proposition 1.4. Let I ⊂ R be an open interval. Every psh path U : I → PSH is continuous. If a
sequence of psh paths U j : I → PSH converges to a map U : I → PSH locally uniformly with respect
to the L1-norm, then U is psh as well.
Proof. Let U : I → PSH be a psh path. Convexity of t 7→ Ut(x) implies that t 7→
´
X
Ut ω
n is convex,
and hence continuous on I. Given t0 ∈ I, this also applies to t 7→
´
X
max{Ut, Ut0}ωn, as the max of
two psh paths is psh. Thanks to the elementary identityˆ
X
|Ut − Ut0 |ωn = 2
ˆ
X
(max{Ut, Ut0} − Ut0)ωn −
ˆ
X
(Ut − Ut0)ωn,
we conclude that Ut → Ut0 in L1 as t→ t0, which proves the first point.
To say that a sequence U j of psh paths converges locally uniformly to a map U : I → PSH means
that Ut is ω-psh for each t, and
´
X
|U jt − Ut|ωn converges to 0 as j → ∞, locally uniformly with
respect to t ∈ I. By Fubini, the corresponding functions on X × DI satisfy U j → U in L1loc. In
particular, p∗1ω + dd
cU ≥ 0 in the sense of currents, which shows that U is equal a.e. to an S1-
invariant p∗1ω0-psh function U˜ on X ×DI . For a.e. t ∈ I, we thus have Ut = U˜t a.e. on X, and hence
Ut = U˜t on X since both functions are ω-psh. By local uniform convergence, the map U : I → PSH
is continuous. Since U˜ : I → PSH is continuous as well, and these two maps coincide outside a set of
mesure 0 in I, they are equal, which proves the second point. 
As the next result shows, psh paths interact nicely with E1.
Proposition 1.5. The image of any psh path U : I → PSH, with I ⊂ R open, is either disjoint from
E1, or contained in it. In the latter case, U : I → E1 is continuous (in the strong topology), and
t 7→ E(Ut) is convex.
The proof relies on the following well-known computation (cf. [BBGZ13, Proposition 6.2], [Bern15a,
§2.4]).
Lemma 1.6. Assume I ⊂ R is open. For each smooth function U on X × DI , the Laplacian of
E(U(·, τ)) is expressed as the fiber integral
ddcτE (U(·, τ)) = V −1
ˆ
X
(p∗1ω0 + dd
cU)n+1.
Proof of Proposition 1.5. After slightly shrinking I, the regularization result of [BK07] yields a se-
quence of smooth psh paths U j : I → PSH decreasing pointwise to U . For each j, Lemma 1.6 shows
that E(U jt ) is a convex function of t. This is thus also the case for E(Ut), which is the pointwise
limit of E(U jt ), by continuity of E along monotone sequences. By convexity of E(Ut), the set of t ∈ I
with E(Ut) = −∞ is either empty or equal to I. In the former case, we have Ut /∈ E1 for all t. In the
latter case, the map t 7→ E(Ut), being convex and finite valued, is continuous on I, and U : I → E1
is thus continuous in the strong topology. 
1.3. Psh geodesics. Following the envelope description of geodesics provided in [Bern15a, §2.2], we
say that a psh path V : (0, 1)→ PSH is dominated by two ω-psh functions U0, U1 ∈ PSH if
lim
t→0
Vt ≤ U0, lim
t→1
Vt ≤ U1,
where the pointwise limits in question exist, by convexity. If such a psh path V exists, a simple
envelope argument shows that there exists a largest one U : (0, 1) → PSH, which we call the psh
geodesic joining U0 to U1.
When U0, U1 ∈ H are Ka¨hler potentials, X.X. Chen’s fundamental work [Che00a], further refined
in [B lo09, B lo12, CTW18], implies that the psh geodesic joining them is C1,1 as a function on
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X × D[0,1]. When U0, U1 belong to E1, it was proved by Darvas in [Dar15] that the psh geodesic
joining them exists and yields a constant speed geodesic in the Darvas metric (see §1.4).
We provide here a direct proof of the following result, which provides an alternative characteriza-
tion of psh geodesics in E1 to be used later (see Proposition 1.11 below).
Theorem 1.7. For any pair U0, U1 ∈ E1, the psh geodesic joining them exists, and defines a contin-
uous map U : [0, 1]→ E1 (in the strong topology) with E(Ut) affine on [0, 1].
Conversely, any continuous path U˜ : [0, 1]→ E1 joining U0 to U1 with E(U˜t) affine and U˜ psh on
(0, 1) satisfies U˜ = U .
Proof. Assume first that U0, U1 are bounded. As in [Bern15a, §2.2], we note that for C  1, the
bounded psh path V : (0, 1)→ PSH defined by
Vt = max {U0 − Ct, U1 − C(1− t)}
is dominated by U0, U1, so the psh geodesic U joining U0, U1 exists and satisfies Vt ≤ Ut. By
maximality, we have (p∗1ω+dd
cU)n+1 = 0 on X×D∗ in the sense of pluripotential theory, and E(Ut)
is thus affine on (0, 1) by Lemma 1.6 and a regularization argument. Further, the inequality Vt ≤ Ut
implies limt→0 Ut = U0 and limt→1 Ut = U1 uniformly on X; hence U : [0, 1] → E1 is (strongly)
continuous.
Let now U0, U1 ∈ E1 be arbitrary. For each j, denote by U j the psh geodesic joining the bounded
ω-psh functions U j0 := max{U0,−j} to U j1 := max{U1,−j}. Since the sequences (U j0 ) and (U j1 )
are decreasing, the corresponding sequence of functions U j on X × D[0,1] is decreasing as well,
thanks to the envelope description, and its limit is thus a usc function U : X × D[0,1] → [−∞,+∞),
which is either −∞ or p∗1ω0-psh on the interior X × D(0,1). Since E(U jt ) is affine, we further have
E(U jt ) = (1− t)E(U j0 ) + tE(U j1 ). By monotone continuity of E, it follows that U induces a psh path
U : (0, 1)→ E1 such that E(Ut) = (1− t)E(U0) + tE(U1). Being usc on X ×D[0,1], it further satisfies
limt→0 Ut ≤ U0 and limt→1 Ut ≤ U1, and Lemma 1.2 thus shows that U : [0, 1]→ E1 is continuous.
Consider finally a continuous path U˜ : [0, 1] → E1 joining U0 to U1 with E(U˜t) affine and U˜ psh
on (0, 1). By Lemma 1.2 again, the restriction of U˜ to (0, 1) is a psh path dominated by U0, U1, and
hence U˜t ≤ Ut for all t ∈ [0, 1]. Since E(U˜t) ≤ E(Ut) are both affine functions on [0, 1] with the same
boundary values, they coincide, and we conclude that U˜t = Ut. 
As a direct consequence of Theorem 1.7, we get:
Corollary 1.8. For a map U : I → E1 defined on a (not necessarily open, or bounded) interval, the
following properties are equivalent:
(i) the restriction of U to each compact interval [a, b] ⊂ I coincides (up to affine reparametriza-
tion) with the psh geodesic joining Ua to Ub;
(ii) U is strongly continuous on I, psh on the interior I˚, and E(Ut) is affine on I.
Definition 1.9. A map U : I → E1 satisfying the equivalent conditions of Corollary 1.8 is called a
psh geodesic in E1. A psh geodesic ray is a psh geodesic U : R≥0 → E1.
For later use, we finally record the following mild generalization of [Dar17b, Theorem 1] (which
deals with bounded potentials).
Proposition 1.10. Let U : [a, b] → E1 be a psh geodesic with Ub more singular then Ua, i.e. Ub ≤
Ua + C for some constant C > 0. Then
t 7→ sup
X
(Ut − Ua)
is affine on [a, b]. In particular, if Ua = 0 and Ut is sup-normalized (i.e. supX Ut = 0) for some
t > a, then Ut is sup-normalized for all t ∈ [a, b].
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Proof. After reparametrizing, we assume for ease of notation that a = 0 and b = 1. Set m :=
supX(U1−U0). For t ∈ [0, 1], the inequality supX(Ut−U0) ≤ tm follows directly from the convexity
of t 7→ Ut(x). On the other, the psh path V : (0, 1)→ PSH defined by Vt = U1+(t−1)m is dominated
by U0, U1. By the envelope description of U , it follows that U1 + (t − 1)m ≤ Ut for t ∈ [0, 1], and
hence
tm = sup
X
(U1 − U0) + (t− 1)m ≤ sup
X
(Ut − U0).

1.4. The Darvas metric. The weak topology of E1 coincides with the topology induced by the
L1(ωn)-norm. The strong topology of E1, being the coarsest refinement with respect to which E
becomes continuous, is thus metrizable, defined by the metric
d(u, v) = ‖u− v‖L1(ω) + |E(u)− E(v)|.
Thanks to the work of Darvas, E1 can be equipped with a much better behaved metric. Indeed,
answering a conjecture due to Guedj, it is proved in [Dar15] that E1 can be viewed as the metric
completion of H with respect to a natural L1-Finsler metric d1, defined by letting d1(u, u′) be the
infimum of the L1-lengths
´ 1
0
‖u˙t‖L1(MA(ut))dt of all smooth paths (ut)t∈[0,1] in H joining u to u′.
By [Dar15, Corollary 4.14], if u, v ∈ E1 satisfy u ≥ v, then
d1(u, v) = E(u)− E(v).
In particular, d1(u, 0) = −E(u) when u ∈ E1 is sup-normalized.
Finally, [Dar17a, Theorem 2] implies that any psh geodesic U : I → E1 in the sense of Definition 1.9
is a constant speed geodesic for d1, i.e. there exists c ≥ 0 such that
d1(Ut, Us) = c|t− s| (1.4)
for all t, s ∈ I. Note, however, that not all metric geodesics in (E1, d1) are of this form.
Proposition 1.11. If a sequence U j : I → E1 of psh geodesics converges pointwise to a map U : I →
E1, then U is a psh geodesic as well.
Proof. For each compact interval [a, b] ⊂ I, the d1-geodesic property yields
d1(U
j
t , U
j
s ) =
(
d1(U
j
a , U
j
b )
|b− a|
)
|t− s|
for t, s ∈ [a, b]. It follows that U j is equicontinuous on [a, b], and hence converges uniformly to U on
[a, b], by Ascoli. As a result, U is continuous on I, and psh on I˚, by Proposition 1.4. Since U jt → Ut
strongly, the affine functions E(U jt ) converge pointwise to E(Ut), which is thus affine as well, and
Corollary 1.8 shows that U is a psh geodesic. 
2. Twisted Ka¨hler-Einstein currents and coercivity
In this section, we review the thermodynamical formalism for twisted Ka¨hler-Einstein currents,
following [Berm13], and provide a coercivity criterion for certain functionals on E1.
2.1. Twisted Ka¨hler-Einstein currents. In what follows, (X,ω0) denotes as above a compact
Ka¨hler manifold. As is well-known, smooth positive volume forms µ on X are in one-to-one corre-
spondence with Hermitian metrics h on the canonical bundle KX , the relation being
µ = e−2f in
2
Ω ∧ Ω¯ (2.1)
with f := log |Ω|h, for any local holomorphic volume form Ω. The Ricci curvature of µ is defined as
minus the curvature of h, i.e. Ric(µ) = ddcf in terms of (2.1), so that Ric(ωn) = Ric(ω) is the usual
Ricci curvature for a Ka¨hler form ω.
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We shall say more generally that a positive measure µ on X has well-defined Ricci curvature
if it corresponds to a singular metric on KX , and define its Ricci curvature Ric(µ) as minus the
corresponding curvature current. In other words, the measure µ locally satisfies (2.1) with f ∈ L1loc,
and its Ricci curvature is locally given by Ric(µ) = ddcf . Given a closed (1, 1)-current θ, we further
introduce the θ-twisted Ricci curvature of µ as
Ricθ(µ) := Ric(µ)− θ
which is thus a closed (1, 1)-current in the cohomology class
c1(X, θ) := c1(X)− [θ].
Note that Ricθ(µ) determines µ up to a multiplicative constant.
Definition 2.1. A θ-twisted Ka¨hler-Einstein current in [ω0] is a positive current of finite energy
ω = ωu, u ∈ E1, such that ωn has well-defined Ricci curvature, and which satisfies
Ricθ(ω) = λω, λ ∈ R. (2.2)
The left-hand side of (2.2) is naturally defined as the twisted Ricci curvature of ωn, and we thus
have c1(X, θ) = λ[ω0].
Lemma 2.2. Assume c1(X, θ) = λ[ω0], let θ0 be a smooth form in the class of θ, and pick a
distribution ψ and smooth function ρ0 such that θ = θ0 + dd
cψ and Ric(ω0)− θ0 = λω0 + ddcρ0. For
each u ∈ E1, ωu then satisfies (2.2) iff ψ ∈ L1 and
MA(u) = e2(ρ0−λu−ψ+c)ωn0 (2.3)
for some c ∈ R.
Proof. If ψ is L1 and u solves (2.3), then ωu has well-defined Ricci curvature, and
Ricθ(ωu) = Ric
(
e2(ρ0−λu−ψ+c)ωn0
)
− θ
= −ddcρ0 + λddcu+ ddcψ + Ric(ω0)− θ0 − ddcψ = λωu.
Assume conversely that ωu solves (2.2). Then ω
n
u = e
−2fωn0 with f ∈ L1 such that
Ric(ω0) + dd
cf − θ0 − ddcψ = λω0 + λddcu,
which implies that f + ρ0 − λu− ψ is pluriharmonic on X, and hence constant. 
Definition 2.3. We shall say that a closed (1, 1)-current θ is klt if θ is quasi-positive, i.e. θ =
θ0 + dd
cψ with θ0 smooth and ψ quasi-psh, and has trivial multiplier ideal sheaf, i.e. e
−2ψ ∈ L1.
By the solution of the openness conjecture [Bern15b, GZh15], we actually have e−2ψ ∈ Lp for
some p > 1.
Lemma 2.4. Let θ be a quasi-positive current, assume c1(X, θ) = λ[ω0] with λ ∈ R, and let ω ∈ [ω0]
be a θ-twisted Ka¨hler-Einstein current.
(i) If λ ≥ 0, then θ is necessarily a klt current.
(ii) If θ is klt, then ω has continuous potentials, and is further a smooth Ka¨hler form on any
open set on which θ is smooth.
Proof. Since u is bounded above, (i) follows directly from (2.3). Since u has zero Lelong number at
each point of X, a well-known result of Skoda implies that e−u belongs to Lq for all q < ∞, and
hence e−2(λu+ψ) ∈ Lp for some p > 1. Continuity of u is now a consequence of [Ko l98], while the
final assertion follows from [BBEGZ16, Theorem B.1]. 
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Example 2.5. If H ⊂ X is a smooth hypersurface with integration current δH and θ = (1− β)δH ,
β ∈ (0, 1), then ω is a θ-twisted Ka¨hler-Einstein current iff ω is a Ka¨hler-Einstein metric on X \H
with conical singularities along H of cone angle 2piβ. More generally, for any effective Q-divisor ∆
on X with (X,∆) klt, any ∆-twisted Ka¨hler-Einstein current has cone singularities along the snc
part of ∆, cf. [GP16, §6.2].
2.2. The Ding functional. In what follows, we fix a klt current θ, and assume that c1(X, θ) = [ω0].
Lemma 2.6. There exists a unique probability measure µθ such that Ricθ(µθ) = ω0. Further,
µθ ≥ εωn0 for some ε > 0, and µθ has Lp density for some p > 1.
Proof. As noted above, any positive measure µ with well-defined Ricci curvature is uniquely deter-
mined by Ricθ(µ) up to a multiplicative constant, and the uniqueness part is thus clear. To prove
existence, write as above θ = θ0 +dd
cψ and Ric(ω0)−θ0 = ω0 +ddcρ0, with ρ0 ∈ C∞(X) normalized
by
´
X
e2(ρ0−ψ)ωn0 = 1. Then
µθ := e
2(ρ0−ψ)ωn0
yields the desired meaure, which proves the final two points as well. 
By Lemma 2.2, for each u ∈ E1 we have
Ricθ(ωu) = ωu ⇐⇒ MA(u) = e−2u+cµθ
with c ∈ R a normalizing constant.
Definition 2.7. The Ding functional Dθ : E1 → R associated to a klt current θ such that c1(X, θ) =
[ω0] is defined as Dθ := Lθ − E, with
Lθ(u) := − 12 log
ˆ
X
e−2uµθ.
By [BBEGZ16, §4] we have:
Lemma 2.8. The Ding functional Dθ satisfies the following properties.
(i) Dθ is (strongly) continuous on E1;
(ii) any minimizer u ∈ E1 of Dθ is a θ-twisted Ka¨hler-Einstein potential;
(iii) if Dθ is coercive, then Dθ admits a minimizer in E1, and [ω0] thus contains a θ-twisted
Ka¨hler-Einstein current.
Recall that a translation invariant functional F on E1 is coercive if F ≥ δJ −C for some δ, C > 0.
In the semipositive case, Berndtsson’s convexity results [Bern15a, §7] further provide:
Lemma 2.9. If θ ≥ 0, then:
(i) Dθ is convex along psh geodesics in E1;
(ii) u ∈ E1 minimizes Dθ iff ωu is a θ-twisted Ka¨hler-Einstein current.
2.3. The twisted K-energy. Consider as above a klt current θ with c1(X, θ) = [ω0]. Note that
this condition can always be achieved by choosing θ to be a smooth representative of c1(X) − [ω0],
since θ is not required to be semipositive at this stage.
We define the θ-entropy of a probability measure µ on X as (half) the entropy of µ relative to the
associated probabillity measure µθ, i.e.
Entθ(µ) :=
1
2
ˆ
X
log
(
µ
µθ
)
µ ∈ [0,+∞]
if µ is absolutely continuous with respect to µθ, and Entθ(µ) = +∞ otherwise. It can be written as
a Legendre transform
Entθ(µ) = sup
g∈C0(X)
(ˆ
gµ− 12 log
ˆ
e2gµθ
)
, (2.4)
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which implies that the functional Entθ : M → [0,+∞] is convex on the space M of probability
measures, and lsc in the weak topology.
Definition 2.10. The θ-entropy functional Hθ : E1 → [0,+∞] is defined by Hθ(u) := Entθ(MA(u)).
By [BBEGZ16, Theorem 2.17], we have:
Lemma 2.11. The functional Hθ : E1 → [0,+∞] is lsc, coercive, and its sublevel sets in E1sup are
compact in the strong topology.
Definition 2.12. We say that a translation invariant functional F : E1 → R∪ {+∞} has θ-entropy
growth if F ≥ Hθ −AJ −B on E1 for some constants A,B > 0.
This condition only depends on the singularities of θ. When θ is smooth, we simply say that F
has entropy growth. It then also has θ-entropy growth for any klt current θ, by Lemma 2.6.
Example 2.13. The usual Mabuchi K-energy functional, extended to a functional
M : E1 → R ∪ {+∞}
as in [BDL17], has entropy growth. Indeed, denoting by Ent(µ) the entropy of a measure µ relative to
V −1ωn0 , the Chen-Tian formula [Che00b, Tia00] expresses M(u)−Ent(MA(u)) as linear combination
of terms of the form ˆ
X
uωju ∧ ωn−j0 and
ˆ
X
u Ric(ω) ∧ ωju ∧ ωn−j−10 .
As a result, there exist A,B > 0 with |M(u) − Ent(MA(u))| ≤ AJ(u) + B (using for instance
Lemma A.2).
By Legendre duality, we have
Lθ(u) = inf
µ∈M
(
Entθ(µ) +
ˆ
uµ
)
(2.5)
for u ∈ E1, and also
Entθ(µ) ≥ sup
u∈E1
(
Lθ(u)−
ˆ
uµ
)
(2.6)
for µ ∈M (cf. [BBEGZ16, Lemma 2.11]). On the other hand, recall that the pluricomplex energy of
µ ∈M is defined as
E∗(µ) = sup
u∈E1
(
E(u)−
ˆ
uµ
)
∈ [0,+∞]. (2.7)
For each u ∈ E1 we have
E(u) = inf
µ∈M
(
E∗(µ) +
ˆ
uµ
)
, (2.8)
the infimum being achieved precisely at µ = MA(u), and the Monge-Ampe`re operator induces a
bijection between E1sup and the set M1 ⊂M of finite energy measures µ [BBGZ13].
Definition 2.14. The twisted Mabuchi K-energy Mθ : E1 → R ∪ {+∞} is defined by
Mθ(u) := Entθ(MA(u))− E∗(MA(u)).
Equivalently,
Mθ(u) = Entθ(MA(u))− E(u) +
ˆ
X
u MA(u),
which shows compatibility with the general definition of [BDL17, §2.1].
Lemma 2.15. The Ding and twisted Mabuchi functionals satisfy the following properties.
(i) Mθ has θ-entropy growth.
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(ii) Mθ(u) ≥ Dθ(u) for all u ∈ E1, with equality iff ωu is a θ-twisted Ka¨hler-Einstein current.
(iii) infE1 Mθ = infE1 Dθ ∈ R ∪ {−∞}; in particular, Dθ is bounded below iff Mθ is.
(iv) Dθ is coercive iff Mθ is.
(v) If θ ≥ 0 then Mθ is geodesically convex on E1.
Proof. (i)–(iii) are proved just as in [Berm13, BBEGZ16]. Indeed, (i) is a consequence of the known
estimates n−1J(u) ≤ E∗(MA(u)) ≤ nJ(u); (ii) follows from (2.5)–(2.8), and implies infE1 Mθ ≥
infE1 Dθ. To prove the converse inequality, we can assume that c := inf Mθ > −∞. Then Entθ(µ) ≥
c+ E∗(µ) for all µ, and hence
Lθ(u) = inf
µ
(
Entθ(µ) +
ˆ
uµ
)
≥ c+ inf
µ
(
E∗(µ) +
ˆ
uµ
)
= c+ E(u),
i.e. Dθ ≥ c, which proves (iii). Next, (v) follows from [BDL17, Theorem 1.2], itself a consequence
of [BB17, CLP16]. It remains to prove (iv), for which we argue as in [Berm13, Corollary 3.6]. Since
Mθ ≥ Dθ, Mθ is coercive as soon as Dθ is. For the converse, the surjectivity of the Monge–Ampe`re
operator MA: E1 → M1 implies that the coercivity of Mθ is equivalent to existence of C > 0 and
ε ∈ (0, 1) such that E∗(µ) ≤ εEntθ(µ) + C for all probability measures µ. (Recall that E∗(µ) = ∞
implies Entθ(µ) =∞, cf. [BBEGZ16, Lemma 2.18]) By (2.8) and (2.5), we infer
E(εu) = inf
µ
(
E∗(µ) +
ˆ
εuµ
)
≤ ε inf
µ
(
Entθ(µ) +
ˆ
uµ
)
+ C = εLθ(u) + C.
Normalizing u by
´
uωn = 0, an inequality due to Ding [Din88, Remark 2] yields
−E(εu) = J(εu) ≤ ε1+ 1n J(u) = −ε1+ 1nE(u).
We infer ε′E(u) ≤ Lθ(u) + C ′ with ε′ := ε1/n and C ′ = ε−1C, which gives the coercivity estimate
Dθ(u) = Lθ(u)− E(u) ≥ (ε′ − 1)E(u)− C ′ = (1− ε′)J(u)− C ′
since ε′ < 1 and
´
uωn = 0. 
2.4. The coercivity criterion. The next result is based on the first version of the present pa-
per [BBJ15, §2.3], itself inspired by [DH17, DR17]. The statement below is basically [Bou18, Theorem
3.6], but see also [CC18a, Theorem 6.1] for a closely related result.
Theorem 2.16. Let F : E1 → R ∪ {+∞} be a translation invariant functional, and assume that F
is lsc, geodesically convex, and has θ-entropy growth for some klt current θ such that c1(X, θ) = [ω0].
(a) If F is coercive, then it admits a minimizer in E1.
(b) If F is not coercive, then given any u ∈ E1 there exists a nontrivial psh geodesic ray U : R≥0 →
E1 emanating from u along which F (Ut) decreases.
Here we say that U is trivial if Ut − U0 only depends on t.
Proof of Theorem 2.16. Assume that F is coercive, and pick a minimizing sequence (uj) in E1, which
can be sup-normalized, by translation invariance. Since F (uj) is bounded above, so is J(uj), by coer-
civity, and the entropy growth assumption implies that Hθ(uj) is bounded as well. By Lemma 2.11,
(uj) stays in a (strongly) compact subset of E1, and may thus be assumed to converge. Since F is
lsc, the limit is then a minimizer of F .
Assume conversely that F is not coercive, and pick sequences uj ∈ E1sup, δj → 0 and Cj → +∞
such that
F (uj) ≤ δjJ(uj)− Cj . (2.9)
By entropy growth, we have F (uj) ≥ −AJ(uj)−B for some constants A,B > 0, hence (A+δj)J(uj) ≥
Cj −B, which shows that
Tj := d1(uj , 0) = −E(uj) = J(uj) +O(1)
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tends to +∞. Denote by U j : [0, Tj ]→ E1 the unit speed psh geodesic connecting u to uj ; this takes
values in E1sup by Proposition 1.10. By convexity of F along U j , we get for, j  1 and all t ∈ [0, Tj ],
F (U jt )− F (u) ≤ tT−1j (F (uj)− F (u)) ≤ tδj . (2.10)
By θ-entropy growth of F , it follows that the 1-Lipschitz maps U j : [0, Tj ] → (E1, d1) send every
given compact subset of R≥0 to a fixed subset of E1sup with bounded θ-entropy, and hence compact
for the metric space topology, by Lemma 2.11. By the general Arzela`-Ascoli theorem (for maps
into metric spaces), U j therefore converges uniformly on compact sets of R≥0 to a continuous map
U : R≥0 → E1sup, after perhaps passing to a subsequence. By Proposition 1.11, U is a psh geodesic
ray, and F (Ut) ≤ F (u) by (2.10) and lower semicontinuity; this implies that F (Ut) decreases, by
convexity. 
Corollary 2.17. Assume θ ≥ 0. If Mθ, or equivalently Dθ, is not coercive, then given any u ∈ E1sup
there exists a nonconstant psh geodesic ray U : R≥0 → E1sup emanating from u such that Dθ(Ut) ≤
Mθ(Ut) ≤Mθ(u).
Proof. The lsc functional Mθ : E1 → R ∪ {+∞} has θ-entropy growth, and is geodesically convex by
Lemma 2.15, since θ ≥ 0. The result thus follows from Theorem 2.16. 
As a further consequence of Theorem 2.16, we obtain the following version of [DR17, Theorem
2.12].
Theorem 2.18. Let θ be a semipositive klt current with c1(X, θ) = [ω0].
(i) If [ω0] contains a θ-twisted Ka¨hler-Einstein current, then Dθ and Mθ are bounded below on
E1;
(ii) if [ω0] contains a unique θ-twisted Ka¨hler-Einstein current, then Dθ and Mθ are coercive on
E1.
Proof. Assume given u ∈ E1 with Ric(ωu) = ωu + θ. By Lemma 2.9, infE1 Dθ = Dθ(u) > −∞, and
Mθ is bounded below as well, by Lemma 2.15. If Mθ fails to be coercive, Corollary 2.17 yields a
non-constant psh geodesic ray U : R≥0 → E1sup emanating from u such that Mθ(Ut) ≤ Mθ(u) for all
t ≥ 0. Using Lemma 2.15 again, we infer
Dθ(Ut) ≤Mθ(Ut) ≤Mθ(u) = Dθ(u) = infE1 Dθ.
By Lemma 2.8, ωUt provides a whole ray of twisted Ka¨hler-Einstein currents in c1(X, θ). 
3. Valuations and stability
In this section, X is smooth complex projective variety endowed with an ample Q-line bundle L.
We use [BHJ17, BoJ18a, BoJ18b] as references.
3.1. Log discrepancy. Denote by XdivQ the set of rational divisorial valuations on X, i.e. valuations
v : C(X)∗ → Q of the form v = c ordE with c ∈ Q>0 and E a prime divisor on some normal variety
Y mapping birationally to X. The log discrepancy of v ∈ XdivQ is
AX(v) := c
(
1 + ordE(KY/X)
)
,
where KY/X denotes the relative canonical divisor. It is convenient to also include in X
div
Q the trivial
valuation on C(X). This will be denoted by vtriv, and has AX(vtriv) = 0.
The projection p1 : X × C → X induces a map (X × C)divQ → XdivQ ; this has a canonical section
σ : XdivQ → (X × C)divQ , the Gauss extension, defined by
σ(v)
(∑
i
fiτ
i
)
= min
i
{v(fi) + i}
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for each finite sequence of functions f0, . . . , fr ∈ C(X), with τ denoting the coordinate on C. The
image of σ consists precisely of divisorial valuations w on X × C that are C∗-invariant (under the
action on the second factor), and normalized by w(τ) = 1. For each v ∈ XdivQ we have
AX×C(σ(v)) = AX(v) + 1.
Assume now given a quasi-positive closed (1, 1)-current θ, and write as above θ = θ0 + dd
cψ with θ0
smooth and ψ quasi-psh. For each v ∈ XdivQ we can make sense of v(θ) = v(ψ) as a generic Lelong
number on some blowup, see [FJ05a, BFJ08].
Definition 3.1. The θ-twisted log discrepancy function Aθ : X
div
Q → R is defined by setting
Aθ(v) := AX(v)− v(θ).
Example 3.2. When θ is smooth, Aθ is simply equal to AX . When θ = δ∆ is the integration current
of a Q-divisor ∆, Aθ = A(X,∆) is the usual log discrepancy of the pair (X,∆).
Lemma 3.3. The current θ is klt iff there exists ε > 0 such that Aθ ≥ εAX on XdivQ .
Proof. By [Bern15b, GZh15], θ is klt iff the multiplier ideal of (1 + ε)ψ is trivial for some ε > 0.
By [BFJ08, Theorem 5.5], this is in turn equivalent to the existence of ε′ > 0 such that v(ψ) ≤
(1− ε′)AX(v) for all v ∈ XdivQ , hence the result. 
3.2. Test configurations and non-Archimedean potentials. Recall that a test configuration
(X ,L) for (X,L) is a C∗-equivariant partial compactification over C of (X,L)× C∗; more precisely,
it consists of a flat projective morphism pi : X → C, a Q-line bundle L on X , a C∗-action on (X ,L)
lifting the standard one on C, and an identification of the fiber over 1 ∈ C with (X,L). We say that
(X ,L) is normal (resp. ample) when X is normal (resp. L is relatively ample).
Each test configuration (X ,L) defines a non-Archimedean metric on the Berkovich analytification
of L with respect to the trivial absolute value on C, which will be viewed in the present paper through
its canonical potential ϕ = ϕ(X ,L), a function on XdivQ defined as follows. Pick a test configuration
X ′ dominating both X and the trivial test configuration X × C, with C∗-equivariant morphisms
ρ : X ′ → X and pi : X ′ → X ×C, and let p1 : X ×C→ X be the projection. Then ρ∗L = pi∗p∗1L+D
for a unique Q-divisor D supported on the central fiber, and we set, for each v ∈ XdivQ ,
ϕ(v) := σ(v)(D)
with σ(v) the C∗-invariant lift of v as above.
The trivial test configuration induces the zero function. Two test configurations (X ,L) and
(X ′,L′) determine the same function on XdivQ iff the pullbacks of L and L′ to some test configuration
dominating X and X ′ coincide. In particular, the map (X ,L) 7→ ϕ(X ,L) is injective on the set of
normal, ample test configurations. Its image is denoted by HNA. Functions attached to arbitrary
test configurations are then differences of functions in HNA.
Functions in HNA can alternatively be described in terms of C∗-invariant ideals on X ×C (called
flag ideals in [Oda13]). Each such ideal is of the form a =
∑r
i=0 τ
iai for a sequence of ideals
a0 ⊂ · · · ⊂ ar on X, and defines function ϕa on XdivQ by setting for v ∈ XdivQ
ϕa(v) := −σ(v)(a) = max
i
{−v(ai)− i}.
A function ϕ : XdivQ → R then belongs to HNA iff it is of the form ϕ = m−1ϕa+c with c ∈ Q, m ∈ N∗
and a a C∗-invariant ideal on X ×C, cosupported on X × {0} (i.e. ar = OX in the above notation),
and such that the sheaf p∗1(mL)⊗ a is globally generated on X ×C (i.e. mL⊗ ai globally generated
for all i). Using this description, it is easy to check:
Lemma 3.4. Each function ϕ ∈ HNA is bounded, with supXdivQ ϕ = ϕ(vtriv).
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3.3. Non-Archimedean functionals and stability. In [BHJ17], non-Archimedean versions of the
usual functionals on H were introduced, defined as functionals HNA → R, the general idea being
that the non-Archimedean version FNA of a functional F should compute the slopes at infinity of F
along psh rays in HNA with algebraic singularities in the sense of §4.4. First,
ENA(ϕ) =
(L¯n+1)
(n+ 1)V
and JNA(ϕ) = supϕ− ENA(ϕ) (3.1)
for all ϕ ∈ HNA, where (X¯ , L¯) is the compactification of the unique normal, ample test configuration
(X ,L) such that ϕ = ϕ(X ,L).
In what follows we fix a klt current θ.
Definition 3.5. The non-Archimedean Ding functional DNAθ : HNA → R with respect to θ is defined
as DNAθ := L
NA
θ − ENA with
LNAθ (ϕ) = inf
XdivQ
(Aθ + ϕ). (3.2)
Since Aθ ≥ 0, LNAθ (ϕ) ≥ inf ϕ is indeed finite, by Lemma 3.4. Note also that DNAθ , in constrast
with Dθ, only depends on the singularities of θ, and thus makes sense without requiring c1(X, θ) =
c1(L) (which could anyway always be achieved by adding a smooth form to θ).
Definition 3.6. The polarized variety (X,L) is Ding-semistable (resp. uniformly Ding-stable) with
respect to θ if DNAθ ≥ 0 on HNA (resp. DNAθ ≥ εJNA on HNA for some ε > 0).
When θ is smooth, Aθ = AX , and we thus drop the reference to θ in the above definitions, as
in [BoJ18b]. By [BoJ18b, Corollary 2.11, Theorem 2.12], Ding-semistability (resp. uniform Ding-
stability) implies (and is conjecturally equivalent to) twisted K-semistability (resp. uniform twisted
K-stability) in the twisted Fano case, in the sense of [Der16].
Suppose now that θ is the integration current on an effective Q-divisor ∆ with (X,∆) klt and
c1(L) = c1(X,∆). Ding-stability with respect to θ then coincides with Ding-stability of the log Fano
variety (X,∆), as studied in [BHJ17, Fuj16a], and we thus have:
Theorem 3.7. [BBJ15, Fuj16a] Let ∆ be an effective Q-divisor with (X,∆) klt and c1(L) = c1(X,∆).
Then (X,L) is Ding-semistable (resp. uniformly Ding-stable) with respect to ∆ iff the log Fano variety
(X,∆) is log K-semistable (resp. uniformly log K-stable).
When ∆ = 0, this result was indeed proved in the preprint version [BBJ15], by relying on the
Minimal Model Program along the lines of [LX14]; the argument was then extended to the general
log Fano case in [Fuj16a].
4. Psh rays and Lelong numbers
In this section we study psh rays of linear growth, to which we associate functions on XdivQ defined
in terms of Lelong numbers. We also introduce rays with algebraic singularities; these make a bridge
between psh rays and test configurations.
4.1. Rays of linear growth. For each psh ray U : R>0 → PSH, supX Ut is a convex function of t.
As a result, supX Ut ≥ −Ct for some C > 0 as t→∞, and the slope at infinity
λmax := lim
t→∞ t
−1 sup
X
Ut (4.1)
exists in R ∪ {+∞}. We have λmax <∞ iff supX Ut = O(t), in which case we say that U has linear
growth. For rays in E1, we equivalently have:
Proposition 4.1. A psh ray U : R>0 → E1 has linear growth iff d1(Ut, 0) = O(t) as t → ∞. In
particular, any psh geodesic ray has linear growth.
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Proof. By Proposition 1.5, E(Ut) is convex, and hence admits a linear lower bound E(Ut) ≥ −Ct
for t ≥ 1. Assume U has linear growth, and pick a > 0 such that Ut ≤ at for t ≥ 1. Then
d1(Ut, at) = at− E(Ut) ≤ C ′t, and d1(Ut, 0) = O(t), by the triangle inequality. Assume, conversely,
that d1(Ut, 0) = O(t). By [GZ05, Proposition 2.7],
sup
X
Ut = V
−1
ˆ
X
Utω
n +O(1),
while Corollary A.3 in the appendix gives
∣∣´
X
Ut ω
n
∣∣ ≤ Cnd1(Ut, 0), which yields the result. 
4.2. Lelong numbers. For a psh ray U : R>0 → PSH of linear growth, U − at is bounded above as
t→∞, for some a ∈ R. Equivalently, the S1-invariant p∗1ω0-psh function V on X × D∗ defined by
V (x, τ) := U− log |τ |(x) + a log |τ |
is bounded above near X × {0}, and hence uniquely extends to a quasi-psh function on X × D. For
each divisorial valuation w on X × C, we can make sense of w(V ) ≥ 0 as a generic Lelong number
on a suitable blowup, see [BFJ08]. Following [Berm18, §5], we set w(U) := w(V ) − aw(τ); this is
independent of the choice of a by additivity of Lelong numbers.
Definition 4.2. To each psh ray of linear growth U : R>0 → PSH we associate a function
UNA : X
div
Q → R
by setting UNA(v) = −σ(v)(U) for v ∈ XdivQ .
Recall that σ : XdivQ → (X×C)divQ denotes Gauss extension, cf. §3.1. For the trivial valuation vtriv,
σ(vtriv) = ordX×{0}.
Lemma 4.3. We have UNA(vtriv) = supXdivQ UNA = λmax.
Proof. After adding a linear function of t, we may assume that U itself extends to a quasi-psh function
on X ×D. The left-hand side is then minus the generic Lelong number of U along X ×{0}, which is
also the maximum of all c ≥ 0 such that U ≤ c log |τ |+O(1) near X×{0}, i.e. supX Ut ≤ −ct+O(1).
By convexity of t 7→ supX Ut, we infer UNA(vtriv) = limt→∞ t−1 supX Ut. If U ≤ c log |τ | + O(1) for
some c ≥ 0, then w(U) ≥ cw(τ) for every divisorial valuation w, and hence UNA(v) ≤ UNA(vtriv) for
all v ∈ XdivQ . 
4.3. Relations to the Ross-Witt Nystro¨m Legendre transform. Recall from [RWN14, §6]
that the Legendre transform of a psh ray U : R>0 → PSH is the concave family of functions (Uˆλ)λ∈R
on X defined by
Uˆλ := inf
t>0
{Ut − tλ} .
By the Kiselman minimum principle, for each λ we either have Uˆλ ∈ PSH or Uˆλ ≡ −∞, and Legendre
duality yields
Ut = sup
λ∈R
{
Uˆλ + λt
}
. (4.2)
By (4.2), supX Ut = supλ
{
supX Uˆ
λ + λt
}
, which shows that
λmax = sup
{
λ ∈ R | Uˆλ 6= −∞
}
and Ut = sup
λ<λmax
{
Uˆλ + λt
}
. (4.3)
Assuming U of linear growth, i.e. λmax <∞, the function UNA can also be described in terms of
the Legendre transform (Uˆλ). For each λ < λmax, Uˆ
λ is a quasi-psh function on X, and we can thus
define UˆλNA : X
div
Q → R≤0 by UˆλNA(v) := −v(Uˆλ). This function is homogeneous of degree 1 with
respect to the scaling action of Q>0, and we have
UNA = sup
λ<λmax
{
UˆλNA + λ
}
.
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4.4. Algebraic singularities. Choosing a smooth Hermitian metric h0 on L with curvature ω0
sets up a one-to-one correspondence between psh rays U : R>0 → PSH and S1-invariant psh metrics
e−2Up∗1h0 on (X × D∗, p∗1L). We say that U induces a psh metric on a normal test configuration
(X ,L) if the corresponding psh metric on (X × D∗, p∗1L) ' (X ,L)|D∗ extends to a psh metric on
(X ,L)|D.
Lemma 4.4. Given a psh ray U : R>0 → PSH and a normal test configuration (X ,L), the following
conditions are equivalent:
(i) U induces a psh metric on (X ,L);
(ii) U has linear growth, and UNA ≤ ϕ(X ,L).
If the induced psh metric in (i) is further locally bounded, then UNA = ϕ(X ,L).
Proof. By normality, we can pull-back L to a higher test configuration and assume that X is smooth
and dominates the trivial test configuration via ρ : X → X × C. Write L = ρ∗p∗1L + D, and pick
a positive integer m such that mD is Cartier. Then (i) holds iff U + m−1 log |f | is locally bounded
above for any choice of local equation f for mD. Since D + aX0 is effective for a > 0 large enough,
it follows that Ut ≤ at+O(1), which shows that U has linear growth. For any divisorial valuation w
on X ×C with w(τ) > 0, we also get w(U) ≥ −m−1w(f) = −w(D). Applying this to w = σ(v) with
v ∈ XdivQ shows that UNA(v) ≤ σ(v)(D) = ϕ(X ,L)(v). This proves (i)=⇒(ii), and the final assertion
is proved similarly.
Conversely, assume (ii). Then ordE(U) ≥ − ordE(D) for each irreducible component E of X0, and
hence U +m−1 log |f | ≤ O(1) for any local equation f of mD. 
Definition 4.5. A psh ray U : R>0 → PSH has algebraic singularities if it induces a locally bounded
psh metric on some normal, semiample test configuration (X ,L).
By Lemma 4.4, U thus has linear growth, and UNA = ϕ(X ,L) ∈ HNA.
Lemma 4.6. For each ϕ ∈ HNA, there exists a smooth psh ray U : R≥0 → PSH with algebraic
singularities such that UNA = ϕ. Further, every psh ray V : R>0 → PSH with VNA ≤ ϕ satisfies
V ≤ U +O(1).
Proof. By definition of HNA, we can pick a normal, semiample test configuration (X ,L) with ϕ =
ϕ(X ,L). Since L is semiample, it admits a smooth S1-invariant psh metric, which induces the desired
psh ray U . If a psh ray V satisfies VNA ≤ ϕ, then V induces a psh metric on (X ,L) by Lemma 4.4,
and it follows that V − U is bounded above. 
5. Ding-stability and twisted Ka¨hler-Einstein currents
This section proves Theorem A and B in the introduction. In what follows, (X,ω0) is a compact
Ka¨hler manifold, L an ample Q-line bundle such that ω0 ∈ c1(L), and θ is a klt current with
c1(X, θ) = c1(L).
5.1. Main results. The rest of this section will be devoted to the proof of the following result.
Theorem 5.1. If the Ding functional Dθ is coercive, then (X,L) is uniformly Ding-stable with
respect to θ. If θ is further semipositive, the converse holds.
Combining this with Theorem 2.18, we get the following result, which corresponds to Theorem A
in the introduction.
Corollary 5.2. If θ is semipositive, then:
(i) if c1(L) contains a θ-twisted Ka¨hler-Einstein current, then (X,L) is Ding-semistable with
respect to θ;
(ii) if (X,L) is uniformly Ding-stable, then c1(L) contains a θ-twisted Ka¨hler-Einstein current.
This will then be used to prove Theorem B.
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5.2. Slopes of functionals. Recall that each psh ray U : R>0 → PSH of linear growth induces a
function UNA : X
div
Q → R, defined in terms of Lelong numbers. When U has algebraic singularities,
UNA belongs to HNA, and we then have the following result, which is a reformulation of [BHJ16,
Theorem 3.6] (see also [SD17, Theorem 4.9], and [PRS08] for a previous result in the same direction).
Lemma 5.3. If U : R>0 → PSH is a psh ray with algebraic singularities, then
(i) E(Ut) = tE
NA(UNA) +O(1);
(ii) J(Ut) = tJ
NA(UNA) +O(1).
Coming back to the general case, we set as in (3.2)
LNAθ (UNA) := inf
XdivQ
{Aθ + UNA} ∈ R ∪ {−∞}.
The following result is a generalization of [Berm16, Proposition 3.8], which basically corresponds to
the case of algebraic singularities.
Theorem 5.4. For any psh ray U : R>0 → E1 of linear growth, LNAθ (UNA) is finite, and coincides
with the integrability threshold
sup
{
c ∈ R |
ˆ ∞
1
e2(c t−Lθ(Ut))dt <∞
}
.
When θ ≥ 0, Lθ(Ut) is convex (Lemma 2.9), and the integrability threshold is equal to the slope
limt→∞ t−1Lθ(Ut).
To prove Theorem 5.4, we may and do assume that U extends to a quasi-psh function on X ×D,
after adding, as before, a linear function of t. Then UNA ≤ 0, and hence LNA(UNA) ≤ LNA(0) = 0,
while the above integrability threshold is similarly nonpositive, since L(Ut) ≤ O(1) for t 1.
In what follows, we denote, for simplicity, the log discrepancy function of X × C by A := AX×C.
Write θ = θ0 + dd
cψ with θ0 smooth and ψ quasi-psh, and introduce the quasi-psh function
V := U + p∗1ψ
on X × D. Using AX(v) = A(σ(v))− 1 for v ∈ XdivQ , we have
LNAθ (UNA) = inf
w∈W
{A(w)− w(V )} − 1 (5.1)
with W the set of all C∗-invariant divisorial valuations w on X × C such that w(τ) = 1.
Lemma 5.5. There exists ε ∈ (0, 1) and C > 0 such that w(V ) ≤ (1− ε)A(w) + C for all w ∈W .
Proof. The restriction of the quasi-psh function U on X×D to each submanifold X×{τ} with τ ∈ D∗
is in E1, hence has zero Lelong numbers. Since Lelong numbers can only increase upon restriction, it
follows that U has zero Lelong number at each point of X ×D∗, i.e. e−U ∈ Lqloc on X ×D∗ for every
finite q. On the other hand, the assumption that θ is klt implies that e−2ψ locally in Lploc for some
p > 1 [Bern15b, GZh15]. By Ho¨lder’s inequality, it follows that e−2V ∈ L1loc on X × D∗. In other
words, the multiplier ideal sheaf J (V ) is cosupported on X × {0}, and hence contains some power
of τ , which yields supw∈W w(J (V )) < ∞. On the other hand, [BFJ08, Theorem 5.5] and [GZh15]
(strong openness of multiplier ideals) yield ε > 0 such that w (J (V )) ≥ (1 + ε)w(V ) − A(w) for all
divisorial valuations w on X × C with w(τ) > 0, and the result follows. 
Proof of Theorem 5.4. By definition of Lθ, we have
Lθ(Ut) = − 12 log
ˆ
X
e−2(Vt+ρ)ωn0
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for some function ρ ∈ C∞(X). Given c ∈ R, using Fubini and t = − log |τ | it is straightforward to see
that exp (ct− Lθ(Ut)) is L2 in a neighborhood of +∞ for a iff |τ |−c−1e−V is L2 in a neighborhood
of the central fiber in X ×D, or, equivalently, L2loc on X ×D. In view of (5.1), we thus need to show
inf
{
s > −1 | |τ |se−V ∈ L2loc
}
= sup
w∈W
{w(V )−A(w)} < +∞. (5.2)
The finiteness of the right-hand side follows from Lemma 5.5. Writing any given s > −1 as s = p− r
with p = dse ∈ N and r ∈ [0, 1), we have |τ |se−V ∈ L2loc iff τp ∈ J (V + r log |τ |). By the easier
direction of [BFJ08, Theorem 5.5], this implies
pw(τ) ≥ w(V ) + rw(τ)−A(w) (5.3)
for all divisorial valuations w, which for w ∈W yields s = p− r ≥ w(V )−A(w), and hence
inf
{
s > −1 | |τ |se−V ∈ L2loc
} ≥ sup
w∈W
{w(V )−A(w)} .
Conversely, the harder part of [BFJ08, Theorem 5.5] yields
sup
w∈W
{
w(V ) + ε
A(w) + p
}
< 1 =⇒ τp ∈ J (V + r log |τ |)⇐⇒ |τ |se−V ∈ L2loc.
Strictly speaking, loc. cit. involves all divisorial valuations centered in the central fiber of X×C, i.e.
w(τ) > 0, but we can normalize by w(τ) = 1, and it suffices to consider C∗-invariant valuations by
S1-invariance of V . To get (5.2), it thus remains to enough to show that any s > −1 such that
s ≥ sup
w∈W
{w(V )−A(w)}+ δ (5.4)
for some δ > 0 satisfies
sup
w∈W
{
w(V ) + r
A(w) + p
}
< 1,
with p = dse and r = p − s ∈ [0, 1). To this end, we use Lemma 5.5 again, which yields w(V ) ≤
(1− ε)A(w) + C for some constants ε ∈ (0, 1) and C > 0, and hence
w(V ) + r
A(w) + p
≤ w(V ) + 1
A(w)
≤ 1− ε
2
for any w ∈W such that A(w) ≥ C ′ := 2(C + 1)/ε. If now A(w) ≤ C ′, then (5.4) yields
w(V ) + r
A(w) + p
≤ p− r − δ +A(w)
A(w) + p
≤ 1− δ
p+ C ′
,
which completes the proof. 
5.3. Proof of Theorem 5.1. Assume first that the Ding functional is coercive, i.e. Dθ ≥ εJ − C
on E1 for some ε, C > 0. We then claim that DNAθ ≥ εJNA on HNA, which will prove that (X,L)
is uniformly Ding-stable with respect to θ. By Lemma 4.6, every ϕ ∈ HNA is of the form ϕ = UNA
for some psh ray U : R>0 → E1 with algebraic singularities. By Lemma 5.3, we have E(Ut) =
tENA(UNA) + O(1) and J(Ut) = tJ
NA(UNA) + O(1), while Theorem 5.4 shows that L
NA
θ (ϕ) is the
supremum of c ∈ R such that ´∞
1
e2(c t−Lθ(Ut))dt <∞. Now the coercivity assumption yields
Lθ(Ut) ≥ E(Ut) + εJ(Ut)− C = t(ENA(ϕ) + εJNA(ϕ)) +O(1),
and we infer LNAθ (ϕ) ≥ ENA(ϕ) + εJNA(ϕ), hence DNAθ ≥ εJNA on HNA.
Before proving the converse direction, let U : R>0 → E1 be a psh ray with Ut ≤ O(1) as t → ∞,
so that U defines a quasi-psh function on X × D with multiplier ideals am := J (mU) cosupported
in the central fiber X ×{0} (cf. the proof of Lemma 5.5). By S1-invariance of U , am is S1-invariant,
and hence uniquely extends to a C∗-invariant coherent ideal sheaf on X × C.
22 ROBERT J. BERMAN, SE´BASTIEN BOUCKSOM, AND MATTIAS JONSSON
Lemma 5.6. There exists m0  1 such that the sheaf O((m + m0)p∗1L) ⊗ am is generated by its
global sections on X × C for each m ≥ 1.
Proof. It is enough to show that O((m+m0)p∗1L)⊗am is p2-globally generated, with p2 : X×C→ C
denoting the second projection. We argue as in [DEL00, Corollary 1.5]. Pick a very ample line
bundle H on X, and choose m0 such that A := m0L−KX− (n+1)H is ample on X. By the relative
version of the Castelnuovo-Mumford criterion, O((m+m0)p∗1L)⊗am is p2-globally generated as soon
as
Rj(p2)∗ (O((m+m0)p∗1L− jp∗1H)⊗ am) = 0
for 1 ≤ j ≤ n, which holds away from 0 ∈ C by Kodaira vanishing, and near 0 ∈ C as a consequence
of Nadel vanishing (compare [BFJ16, Theorem B.8]). 
Lemma 5.7. Set ϕm := (m+m0)
−1ϕam . Then:
(i) ϕm ∈ HNA;
(ii) UNA ≤ ϕm ≤ mm+m0UNA + 1m (AX + 1) on XdivQ ;
(iii) LNAθ (UNA) = limm→+∞ L
NA
θ (ϕm).
Proof. (i) follows directly from Lemma 5.6. By [BFJ08], we have for each divisorial valuation w on
X × C
w(J (mU)) ≤ mw(U) ≤ w(J (mU)) +A(w), (5.5)
the left-hand inequality being a fundamental consequence of the Ohsawa-Takegoshi extension theorem
due to Demailly. For v ∈ XdivQ , this yields
(m+m0)ϕm(v) ≥ mUNA(v) ≥ (m+m0)ϕm(v)−AX(v)− 1,
which implies (ii) since ϕm ≤ 0. By (i),
LNAθ (ϕm) = inf
XdivQ
{Aθ + ϕm} ≥ LNAθ (UNA) = inf
XdivQ
{Aθ + UNA} .
Pick ε > 0 and v ∈ XdivQ such that Aθ(v) + UNA(v) ≤ LNAθ (UNA) + ε. Then
LNAθ (UNA) ≥ Aθ(v) + UNA(v)− ε ≥ LNA(ϕm) + UNA(v)− ϕm(v)− ε,
which proves (iii) since ϕm(v)→ UNA(v) by (ii). 
Lemma 5.8. For each m we have ENA(ϕm) ≥ limt→+∞ t−1E(Ut).
Remark 5.9. Strict inequality holds in general, even in the limit as m → ∞, cf. Example 6.10
below, based on [Dar17a].
Proof. By Lemma 4.6, we can choose a psh ray Um : R>0 → E1 with algebraic singularities such that
UmNA = ϕm, and hence E(U
m
t ) = tE
NA(ϕm) + O(1), by Lemma 5.3. Since UNA ≤ ϕm, Lemma 4.6
yields a constant C > 0 such that Ut ≤ Umt + C for t ≥ 1. By monotonicity of E, we infer
E(Ut) ≤ E(Umt ) +O(1) = tENA(ϕm) +O(1),
which concludes the proof 
We are now in a position to prove the converse direction of Theorem 5.1. Arguing by contradiction,
assume that θ ≥ 0, DNAθ ≥ εJNA on HNA for some ε ∈ (0, 1), and that Dθ is not coercive. By
Corollary 2.17, we can then find a non-constant psh geodesic ray U : R≥0 → E1sup emanating from
0 along which Mθ(Ut) ≤ 0, and hence also Dθ(Ut) ≤ 0, since Dθ ≤ Mθ. The assumptions on U
guarantee that E(Ut) = ct for some c < 0. As D(Ut) = L(Ut)−E(Ut) ≤ 0, we infer L(Ut) ≤ ct, and
hence LNA(UNA) ≤ c, by Theorem 5.4. Now consider the sequence ϕm ∈ HNA constructed above.
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By Lemma 4.3, we have UNA(vtriv) = 0, hence also supϕm = ϕm(vtriv) = 0 by Lemma 5.7. The
assumption DNA ≥ εJNA on HNA thus yields
LNA(ϕm) ≥ (1− ε)ENA(ϕm)
for allm, and hence LNA(UNA) ≥ (1−ε)c, by Lemma 5.7 and Lemma 5.8. We end up with c ≥ (1−ε)c,
a contradiction.
5.4. Proof of Theorem B. Let X be a projective manifold, L an ample Q-line bundle, and ∆
an effective Q-divisor with (X,∆) klt and c1(L) = c1(X,∆). By [BBEGZ16, Theorem 5.1], the
identity component of the algebraic group Aut0(X,∆) acts transitively on ∆-twisted Ka¨hler-Einstein
currents in c1(X,∆), and the stabilizer is compact by [BBEGZ16, Theorem 5.2]. If c1(X,∆) contains
a unique such current ω, then Aut0(X,∆) is contained in the compact group of isometries of ω, and
is thus trivial, being an affine algebraic group. This proves (i)⇐⇒(ii). By Theorem 3.7, (X,∆)
is uniformly K-stable iff it is uniformly Ding-stable with respect to ∆. Thus (i)=⇒(iii) follows
from (ii) in Corollary 5.2. By Theorem 5.1, (iii) conversely implies that the Ding functional D∆
is coercive. Since the twisted Mabuchi functional M∆ satisfies M∆ ≥ D∆, it is also coercive, and
[BBEGZ16, Theorem 5.4] shows that c1(X,∆) contains a unique twisted Ka¨hler-Einstein current,
hence (iii)=⇒(i).
6. Non-Archimedean potentials of finite energy and geodesic rays
As above, (X,ω0) is a compact Ka¨hler manifold, and L is an ample Q-line bundle with ω0 ∈ c1(L).
Using part of the proof of Theorem 5.1, we now undertake a deeper study the relationship between
psh rays and non-Archimedean L-psh functions, and prove Theorem D in the introduction.
6.1. The Berkovich analytification. Denote by XNA the Berkovich analytification3 of X with
respect to the trivial absolute value on the ground field C. We view XNA as a topological space,
whose points can be understood as semivaluations on X, i.e. valuations v : C(Y )∗ → R on the
function field of subvarieties Y of X, trivial on C. In particular, XNA contains the set XdivQ of
divisorial valuations on C(X). Recall that, by convention, XdivQ contains the trivial valuation of
C(X), denoted by vtriv. The topology of XNA is generated by functions of the form v 7→ v(f) with f
a regular function on some Zariski open set U ⊂ X, and one shows that XNA is compact (Hausdorff),
and that XdivQ ⊂ XNA is dense. The projection p1 : X × C→ X induces a map (X × C)NA → XNA
that has a canonical continuous section, the Gauss extension
σ : XNA → (X × C)NA,
extending the map in §3.1. Its image consists of all C∗-invariant semivaluations w satisfying w(τ) = 1.
6.2. L-psh functions and psh rays. As explained in [BoJ18a], any test configuration (X ,L) for
(X,L) defines a continuous metric on the Berkovich analytification of L. By subtracting the trivial
metric, defined by the trivial test configuration, we obtain a continuous function ϕ(X ,L) : XNA → R
whose restriction to the dense subset XdivQ is the function defined in §3.2.
This allows us to view the elements of HNA as continuous functions on all of XNA. Concretely,
this can be explained as follows. Let a be a C∗-invariant ideal on X × C, and write a = ∑i∈N τ iai
with ai ideals on X. The function ϕa : X
NA → [−∞,+∞) given by
ϕa(v) := −σ(v)(a) = max
i
{−v(ai)− i}.
is continuous, and finite-valued iff a is cosupported on X×{0}. This applies in particular to functions
in HNA, which are of the form ϕ = m−1ϕa + c with a cosupported on X × {0}, p∗1(mL)⊗ a globally
generated, and c ∈ Q.
3This is usually denoted Xan in the literature [Berk90].
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An L-psh function is a function ϕ : XNA → [−∞,+∞), not identically −∞, that can be written
as the limit of a decreasing sequence in HNA. These functions are usc, they satisfy the ‘maximum
principle’
sup
XNA
ϕ = ϕ(vtriv), (6.1)
and they are uniquely determined by their (finite) values on XdivQ . The space PSH
NA = PSHNA(X,L)
of L-psh functions is closed under decreasing limits. It is endowed with the weak topology of pointwise
convergence on XdivQ , and it is proved in [BoJ18a], as a consequence of [BFJ16], that the space of
sup-normalized functions
PSHNAsup :=
{
ϕ ∈ PSHNA | supϕ = ϕ(vtriv) = 0
}
is compact.
Lemma 6.1. Let m ≥ 1 and let a be a C∗-invariant coherent ideal sheaf on X ×C such that mL is
a line bundle and p∗1(mL)⊗ a is globally generated. Then m−1ϕa is L-psh.
Proof. For each r ∈ N we have ϕar = rϕa. After replacing m with a large enough multiple rm, we
may thus assume that mL is globally generated as well. For each integer k ≥ 1, the C∗-invariant ideal
ak := a+ (τ
k) is cosupported on X×{0}, and p∗1(mL)⊗ak is globally generated since p∗1(mL)⊗ (τk)
and p∗1(mL) ⊗ a are both globally generated. As a result, m−1ϕak ∈ HNA, and we get the desired
result since ϕak = max{ϕa,−k} decreases pointwise to ϕa. 
Theorem 6.2. For each psh ray U : R>0 → PSH of linear growth, the function UNA : XdivQ → R
admits a unique extension to a function in PSHNA.
Proof. Uniqueness follows from the fact that L-psh functions are determined by their restriction to
XdivQ . After adding to U a linear function of t, we may as usual assume that it extends to a quasi-psh
function on X × D. By homogeneity, we may also assume that L is an actual line bundle.
For each m ∈ N, the multiplier ideal sheaf am := J (mU) can be viewed as a C∗-invariant ideal
sheaf on X ×C, by S1-invariance of U , and the proof of Lemma 5.6 applies without change to yield
m0 ∈ N such that O((m+m0)p∗1L)⊗ am is globally generated for all m. As a result,
ϕm := (m+m0)
−1ϕam
is L-psh, by Lemma 6.1. As in Lemma 5.7, we further have
mUNA ≤ (m+m0)ϕm ≤ mUNA +AX + 1
on XdivQ , which proves that ϕm converges pointwise to UNA on X
div
Q . Finally, the subadditivity
property of multiplier ideals yields a2m ⊂ a2m, hence
ϕ2m ≤ 2m+ 2m0
2m+m0
ϕm ≤ ϕm,
since ϕm ≤ 0. All in all, ψj := ϕ2j is a decreasing sequence of L-psh functions, converging pointwise
to UNA on X
div
Q , and we conclude as desired that UNA ∈ PSHNA. 
6.3. L-psh functions of finite energy. As in the complex case, the non-Archimedean Monge-
Ampe`re energy ENA : HNA → R defined in §3.3 admits a unique extension to a monotone, usc
functional
ENA : PSHNA → [−∞,+∞),
obtained by setting for each L-psh function ϕ
ENA(ϕ) = inf
{
ENA(ψ) | ψ ∈ HNA, ψ ≥ ϕ} .
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We say that ϕ has finite energy if ENA(ϕ) > −∞ and write E1,NA for the space of such functions. To
any ϕ ∈ E1,NA is attached a non-Archimedean Monge-Ampe`re measure MA(ϕ), a Radon probability
measure on XNA.
By the non-Archimedean Calabi-Yau theorem proved in [BoJ18a] building on [BFJ15], the non-
Archimedean Monge-Ampe`re operator sets up a one-to-one correspondence between E1,NA/R and
the set M1 of Radon probability measures µ of finite energy, i.e. such that
E∗,NA(µ) := sup
ϕ∈E1,NA
(ENA(ϕ)−
ˆ
ϕdµ) <∞.
As an important consequence, we have:
Lemma 6.3. Any two ϕ,ψ ∈ E1,NA with ϕ ≥ ψ satisfy ENA(ϕ) ≥ ENA(ψ), with equality iff ϕ = ψ.
6.4. Maximal geodesic rays. By Proposition 4.1, any psh geodesic ray U : R≥0 → E1 has linear
growth; by Theorem 6.2, it thus gives rise to an L-psh function UNA ∈ PSHNA, and the following
result implies that UNA has finite energy.
Theorem 6.4. For any psh ray U : R>0 → E1 of linear growth, the associated L-psh function UNA
belongs to E1,NA, and
ENA(UNA) ≥ lim
t→+∞ t
−1E(Ut) > −∞. (6.2)
The inequality can be strict in general, even for geodesic rays – see Example 6.10 below.
Proof. Using the notation of the proof of Theorem 6.2, ψj := ϕ2j is a decreasing sequence of functions
in HNA, converging pointwise to UNA. By Lemma 5.8, we further have for each j ENA(ψj) ≥
limt→+∞ t−1E(Ut), which yields the desired result by continuity of ENA along decreasing sequences.

We now conversely show how to attach to each ϕ ∈ E1,NA a geodesic ray in E1.
Definition 6.5. We say that a psh geodesic ray U : R≥0 → E1 is maximal if any psh ray of linear
growth V : R>0 → E1 with limt→0 Vt ≤ U0 and VNA ≤ UNA satisfies V ≤ U .
A maximal geodesic ray is thus uniquely determined by U0 and UNA. Not every psh geodesic ray
is maximal, see Example 6.10 below.
Theorem 6.6. For any u ∈ E1 and any ϕ ∈ E1,NA, there exists a unique maximal geodesic ray
U : R≥0 → E1 emanating from u such that UNA = ϕ.
Proof. As already noticed, uniqueness is clear, so we need only prove existence. First assume u ∈ H
and ϕ ∈ HNA. By Lemma 4.6, the set of smooth psh rays V : R≥0 → PSH with V0 = u and
VNA = ϕ is non-empty; its usc upper envelope defines a psh geodesic ray U : R≥0 → E1 with
algebraic singularities such that U0 = u and UNA = ϕ, by [Berm16, Proposition 2.7], and Lemma 4.4
shows that U is maximal.
Now consider the general case. Write u and ϕ as the limits of decreasing sequences uj ∈ H and
ϕj ∈ HNA, respectively. For each j, we have a maximal geodesic ray U j with U j0 = uj and U jNA = ϕj .
By maximality, U j+1 ≤ U j , so the limit U := limj U j exists. By Lemma 5.3, we have for each t
E(U jt ) = E(u
j) + tENA(ϕj) ≥ E(u) + tENA(ϕ) > −∞,
so Ut ∈ E1 and E(Ut) = E(u)+ tENA(ϕ). Thus U : R≥0 → E1 is a psh geodesic ray, by Corollary 1.8.
On the one hand, U ≤ U j implies UNA ≤ U jNA = ϕj for all j, and hence UNA ≤ ϕ. On the other
hand, the formula E(Ut) = E(u) + tE
NA(ϕ) yields ENA(UNA) ≥ ENA(ϕ) by Theorem 6.4, and
hence UNA = ϕ, by Lemma 6.3. Now suppose V : R>0 → E1 is a psh ray of linear growth with
limt→0 Vt ≤ u and VNA ≤ ϕ. Since u ≤ uj and UNA ≤ ϕj , we have V ≤ U j by maximality of U j ,
and hence V ≤ U . 
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Corollary 6.7. A psh geodesic ray U : R≥0 → E1 is maximal iff equality holds in (6.2), or, equiva-
lently, E(Ut) = E(U0) + tE
NA(UNA) for all t ≥ 0.
Proof. Since E(Ut) is an affine function of t, limt→∞ t−1E(Ut) = ENA(UNA) is equivalent to E(Ut) =
E(U0) + tE
NA(UNA), and the proof of Theorem 6.6 shows that the latter holds when U is maximal.
Assume conversely that E(Ut) = E(U0) + tE
NA(UNA) for all t, and let U
′ be the maximal geodesic
ray with U ′0 = U0 and U
′
NA = UNA. Then U ≤ U ′, and, as we have seen, E(U ′t) = E(U0)+tENA(UNA)
for all t. For each t ≥ 0, we thus have Ut ≤ U ′t and E(Ut) = E(U ′t), which yields Ut = U ′t , proving
that U = U ′ is maximal. 
Example 6.8. By Lemma 5.3, every psh geodesic ray U with algebraic singularities is maximal.
Conversely, a maximal geodesic ray U has algebraic singularities iff UNA belongs to HNA.
Example 6.9. By [BoJ18b], every linearly bounded filtration F of the algebra of sections
R(X,L) =
⊕
m∈N
H0(X,mL)
gives rise to a bounded L-psh function ϕ on XNA. On the other hand, Ross and Witt Nystro¨m
associate to F a psh geodesic ray U emanating from 0 [RWN14, Corollary 7.12], and one can check
that U is indeed the maximal geodesic ray with UNA = ϕ.
Example 6.10. Let X = P1, L = O(1) and ω ∈ c1(L) the Fubini-Study metric. Following e.g. [Car67,
Thm 3, p.31], construct a polar Cantor set K ⊂ P1. This carries an atom-free probability measure
µ, whose potential v ∈ PSH(X,ω) has no Lelong numbers (because µ has no atoms), but does not
belong to the class E (since µ has positive mass on the polar set K). Use v to construct a psh geodesic
ray U emanating from 0 as in [Dar17a, Theorem 2]. Since v has zero Lelong numbers, so does U ,
so UNA = 0. However, U is not constant by [Dar17a, Theorem 4.1], and hence not maximal by
Corollary 6.7.
6.5. Uniform Ding-stability, reprise. Ding-stability of (X,L) with respect to θ was defined in
§3.3 in terms of the non-Archimedean Ding functional DNAθ on HNA. As in [BoJ18a, Lemma 2.9],
we first show that it can equivalently be formulated as a condition on the whole space E1,NA.
Lemma 6.11. Given any klt current θ, (X,L) is Ding-semistable (resp. uniformly Ding-stable) with
respect to θ iff DNA ≥ 0 on E1,NA (resp. DNA ≥ εJNA on E1,NA for some ε > 0).
Proof. Given ε ≥ 0 and ϕ ∈ E1,NA, DNA(ϕ) ≥ εJNA(ϕ) is equivalent to
Aθ(v) + ϕ(v) ≥ (1− ε)ENA(ϕ) + εϕ(vtriv)
for all v ∈ XdivQ . If this holds for all ϕ ∈ HNA, then it also holds for ϕ ∈ E1,NA, by continuity of ENA
along decreasing sequences. 
Using the results of §6.4, we are now in a position to prove Theorem D in the introduction, which
refines Theorem 5.1.
Theorem 6.12. Let θ be a semipositive klt current such that c1(X, θ) = c1(L). The following are
equivalent:
(i) Dθ : E1 → R is coercive;
(ii) (X,L) is uniformly Ding-stable with respect to θ;
(iii) DNAθ (ϕ) > 0 for all non-constant ϕ ∈ E1,NA.
Proof. (i)⇐⇒(ii) is the content of Corollary 5.2, and Lemma 6.11 shows that (ii)=⇒(iii). Now assume
(iii), and suppose by contradiction that (i) fails. By Theorem 2.16,
Lθ(Ut)− E(Ut) = Dθ(Ut) ≤ 0
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for some non-constant psh geodesic ray U : R≥0 → E1sup, which thus satisfies E(Ut) = ct with c < 0.
By Theorem 5.4 and Theorem 6.4, we infer
LNAθ (UNA) ≤ c ≤ ENA(UNA).
Since UNA ∈ E1,NA satisfies DNA(UNA) = LNA(UNA) − ENA(UNA) ≤ 0 and is sup-normalized, (iii)
yields UNA = 0, which contradicts L
NA
θ (UNA) ≤ c < 0. 
7. The stability threshold and the greatest Ricci lower bound
As beofr, X is a smooth projective variety with an ample Q-line bundle L. Following [FO16,
BlJ17, BoJ18b], we characterize Ding-stability with respect to a klt current in terms of a stability
threshold, and then prove Theorem C.
7.1. The expected vanishing order. Assume first that L is an actual line bundle (as opposed to
a Q-line bundle). Given a valuation v ∈ XdivQ and a nonzero section s ∈ H0(L), m ∈ N, we can make
sense of v(s) ∈ Q≥0, by evaluating v on the local function corresponding to s in a trivialization of
L at the center of v. This defines a filtration Fλ := {s | v(s) ≥ λ} of H0(mL), which shows that v
takes only finitely many values λ ∈ Q≥0 on H0(X,L) \ {0}, and provides a way to count these with
multiplicity dim Grλ, giving rise to the vanishing sequence of v on H0(L) [BKMS15].
For each m ∈ N, define by Sm(L) as the mean value of the vanishing sequence of mL, divided by
m. By [BlJ17, Lemma 3.5], we have
Sm(v) = max {v(D) | D of m-basis type} , (7.1)
where a divisor of m-basis type for L is a Q-divisor of the form
D =
1
mNm
Nm∑
j=1
div(sj)
for some basis (s1, . . . , sNm) of H
0(mL). By [BC11, BKMS15], the vanishing sequence of mL, scaled
by 1/m, equidistributes as m → ∞. The sequence Sm(v) thus admits a limit SL(v) ∈ R>0, the
expected vanishing order of multisections of L along v.
By [BKMS15, §2.4] and [BHJ17, Lemma 5.13], this invariant can be expressed as
SL(v) = V
−1
ˆ +∞
0
vol (L, v ≥ λ) dλ, (7.2)
where vol(L, v ≥ λ) denotes the volume of the graded subalgebra of R(X,L) consisting of sections
s ∈ H0(X,mL) such that v(s) ≥ mλ. In particular, if x ∈ X, then SL(ordx) coincides with the
invariant considered in [MR15, §4].
By construction, SL(v) is homogeneous of degree 1 with respect to L, and it can thus be defined
for L a Q-line bundle, by setting SL(v) := m−1SmL(v) for any m ∈ Z>0 such that mL is a line
bundle.
A key point for what follows is that the convergence of Sm(v) of SL(v) is actually semiuniform,
in the following sense:
Lemma 7.1. [BlJ17, Corollary 3.6] For each ε > 0, there exists m0 such that Sm(v) ≤ (1 + ε)SL(v)
for all m ≥ m0 and all v ∈ XdivQ .
7.2. The stability threshold. Following [FO16, BlJ17, BoJ18b], we introduce:
Definition 7.2. Given a klt current θ, we define the stability threshold of (X,L) with respect to θ
as
δθ(X,L) := inf
v∈XdivQ
Aθ(v)
SL(v)
28 ROBERT J. BERMAN, SE´BASTIEN BOUCKSOM, AND MATTIAS JONSSON
When θ = 0, we simply write δ(X,L), which coincides with the invariant studied in [BlJ17,
BoJ18b]. Since the latter is positive, so is δθ(X,L), by Lemma 3.3. Note also that δθ(X, tL) =
t−1δθ(X,L) for t ∈ Q>0.
On the other hand, the log canonical threshold of an effective Q-divisor D with respect to θ is
defined as
lctθ(D) := sup {c ≥ 0 | J (θ + cD) = OX} = inf
v∈XdivQ
Aθ(v)
v(D)
, (7.3)
the second equality being a consequence of [BFJ08]. Adapting, respectively, the arguments of [BlJ17,
Theorem 4.4] and [BoJ18b, Theorem 2.14], we will prove:
Theorem 7.3. The twisted stability threshold satisfies the following properties:
(i) δθ(X,L) is the limit as m→∞ of
δ
(m)
θ (X,L) := inf {lctθ(D) | D of m-basis type } ;
(ii) (X,L) is Ding-semistable (resp. uniformly Ding-stable) with respect to θ iff δθ(X,L) ≥ 1
(resp. δθ(X,L) > 1).
When θ = 0, (ii) follows from [Fuj16a, Theorem 1.3] (note that the invariant β(v) therein is
AX(v) − SL(v) multiplied by V , by (7.2)). While Fujita’s arguments rely on the Minimal Model
Program, our proof of Theorem 7.3 builds on the non-Archimedean analogue of the thermodynamical
formalism (compare Lemma 2.15), as in [BoJ18b]. Recall from §6.3 that the energy
E∗,NA(µ) := sup
ϕ∈E1
(ENA(ϕ)−
ˆ
ϕdµ) ∈ [0,∞]
of a (Radon) probability measure µ on XNA is finite iff µ = MA(ϕ) for ϕ ∈ E1,NA; this function then
achieves the supremum defining E∗,NA(µ), and is unique up to an additive constant. By [BoJ18b,
Theorem 5.13], the Dirac mass δv at any v ∈ XdivQ has finite energy, and
E∗,NA(δv) = SL(v). (7.4)
Lemma 7.4. For each ϕ ∈ E1,NA we have ENA(ϕ) = infv∈XdivQ (SL(v) + ϕ(v)).
This should be compared to LNAθ (ϕ) = infv∈XdivQ (Aθ(v) + ϕ(v)).
Proof. By [BoJ18a, Proposition 7.5], we have ENA(ϕ) = infµ∈M(E∗,NA(µ) +
´
ϕdµ), with M de-
noting the set of all (Radon) probability measures on XNA. The function µ 7→ E∗,NA(µ) + ´ ϕdµ
is convex, and lsc in the weak topology of M. By density of XdivQ in XNA, M contains convex
combinations of Dirac masses δv, v ∈ XdivQ , as a dense subset, and hence
inf
v∈XdivQ
(E∗,NA(δv) + ϕ(v)) = inf
µ
(E∗,NA(µ) +
ˆ
ϕdµ).
We conclude by (7.4).

Proof of Theorem 7.3. By (7.1) and (7.3), we have δ
(m)
θ (X,L) = infv∈XdivQ
Aθ(v)
Sm(v)
, and hence
lim sup δ
(m)
θ (X,L) ≤ δθ(X,L).
On the other hand, for each ε > 0 we have Sm ≤ (1 + ε)SL on XdivQ for all m  1, thanks to
Lemma 7.1. This implies δ
(m)
θ (X,L) ≥ (1 + ε)−1δθ(X,L), and proves (i).
To prove (ii), assume first (X,L) Ding-semistable (resp. uniformly Ding-stable) with respect to θ.
By Lemma 6.11, DNAθ ≥ εJNA on E1,NA with ε ≥ 0 (resp. ε > 0). For each v ∈ XdivQ , there exists a
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unique ϕv ∈ E1,NA such that MA(ϕv) = δv and ϕv(v) = 0, by [BoJ18a, Theorem 7.3]. On the one
hand, DNAθ (ϕv) ≥ εJNA(ϕv) yields
Aθ(v) ≥ LNAθ (ϕv) ≥ (1− ε)ENA(ϕv).
On the other hand,
SL(v) = E
∗,NA(δv) = ENA(ϕv)−
ˆ
ϕv MA(ϕv) = E
NA(ϕv),
and we conclude δθ(X,L) ≥ (1− ε)−1.
Conversely, assume δv(X,L) ≥ δ with δ ≥ 1, i.e. Aθ(v) ≥ δS(v) for v ∈ XdivQ , and pick ϕ ∈ HNA
with supϕ = 0. Since δ ≥ 1, δ−1ϕ is in HNA, and Lemma 7.4 thus yields
ENA(δ−1ϕ) = inf
v∈XdivQ
{
SL(v) + δ
−1ϕ(v)
}
.
Since Aθ(v) ≥ δSL(v) + ϕ(v), we infer
LNAθ (ϕ) = inf
v
(Aθ(v) + ϕ(v)) ≥ δENA(δ−1ϕ),
and hence DNAθ (ϕ) ≥ δENA(δ−1ϕ)−E(ϕ). By [BoJ18a, Lemma 6.17], δENA(δ−1ϕ) ≥ δ−1/nENA(ϕ),
and we conclude DNA(ϕ) ≥ −εENA(ϕ) = εJNA(ϕ) with ε := 1− δ−1/n. 
7.3. The greatest twisted Ricci lower bound. In order to state the next result, we introduce
the following invariants:
(a) the greatest twisted Ricci lower bound
βθ(X,L) := sup {β ∈ R | ∃ω ∈ c1(L), Ricθ(ω) ≥ βω} ;
(b) the nef threshold
sθ(X,L) := max {s ∈ R | c1(X, θ) ≥ sc1(L)} .
In (a), ω is a current of finite energy in c1(L), and Ric(ω) ≥ βω + θ means that the difference is a
smooth semipositive (1, 1)-form. In (b), c1(X, θ) ≥ sc1(L) means that the difference is nef.
The next result is Theorem C in the introduction.
Theorem 7.5. For any semipositive klt current θ, we have
βθ(X,L) = min{δθ(X,L), sθ(X,L)}.
Note that we do not require c1(X, θ) = c1(L). In the usual Fano case θ = 0, L = −KX , the nef
threshold is clearly equal to 1, and hence:
Corollary 7.6. If X is a Fano manifold X, then β(X) = min{δ(X), 1}. In particular, X is K-
semistable iff for each Ka¨hler form ω ∈ c1(X) and t ∈ (0, 1) there exists a Ka¨hler form ωt ∈ c1(X)
such that
Ric(ωt) = tωt + (1− t)ω.
This corollary was independently established in the appendix of [CRZ18], as a consequence
of [LS14, SW16] (see also [Li11] for the toric case and [Cab18] for the case of Fano θ-manifolds of com-
plexity one). The final statement was also previously obtained in [Li17a], also building on [CDS15].
Proof of Theorem 7.5. We obviously have βθ(X,L) ≤ sθ(X,L). Consider first s > 0 with c1(X, θ) +
sc1(L) ample, and pick a Ka¨hler form α in this class. The equation Ric(ωu) = −sωu + θ + α with
u ∈ E1 corresponds to a Monge-Ampe`re equation of the form MA(u) = e2(su−ψ−ρ)ωn0 with θ − ddcψ
and ρ smooth, and hence admits a solution [BBGZ13]. It follows that sθ(X,L) ≤ 0 =⇒ sθ(X,L) =
βθ(X,L), which proves the theorem in that case.
Assume now sθ(X,L) > 0, and pick s ∈ Q>0 with c1(X, θ)− sc1(L) ample. If Ric(ω) = sω+ θ+α
for some ω ∈ c1(L) and α ≥ 0, Corollary 5.2 shows that (X, sL) is Ding-semistable with respect
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to θ + α, and hence with respect to θ as well, which yields s ≤ θ(X,L), and hence βθ(X,L) ≤
min{sθ(X,L), δθ(X,L)}.
Conversely, pick s ∈ Q>0 with c1(X, θ) − sc1(L) ample and s < δθ(X,L), i.e. (X, sL) uniformly
Ding-stable with respect to θ. For any choice of Ka¨hler form α ∈ c1(X, θ) − sc1(L), we have
c1(X, θ + α) = c1(sL), and Corollary 2.17 thus yields ω ∈ c1(L) solving Ric(ω) = sω + θ + α, which
proves βθ(X,L) ≥ min{sθ(X,L), δθ(X,L)}. 
Appendix A. Estimates
In what follows, Cn denotes a constant that only depends on the dimension n = dimX, but whose
value may change from line to line.
Lemma A.1. If uj , vj ∈ E1, 0 ≤ j ≤ n, then∣∣ˆ (u0 − v0)(ωu1 ∧ · · · ∧ ωun − ωv1 ∧ · · · ∧ ωvn)∣∣ ≤ CnI(u0, v0) 12n max
1≤p≤n
I(up, vp)
1
2nM1−
1
2n−1 ,
where M = max0≤j≤n max{I(uj), I(vj)}.
Proof. For 0 ≤ p ≤ n, set ηp := ωu1 ∧ · · · ∧ ωup ∧ ωvp+1 ∧ · · · ∧ ωvn and Ap :=
´
(u0 − v0)ηp. Then
we want to estimate |An − A0|. Now Ap − Ap−1 =
´
(u0 − v0)ddc(up − vp) ∧ η, so by Stokes and
Cauchy–Schwartz, we have |Ap − Ap−1|2 ≤ bpcp, where bp =
´
d(u0 − v0) ∧ dc(u0 − v0) ∧ ηp and
cp =
´
d(up − vp) ∧ dc(up − vp) ∧ ηp. Set wp := 1n−1 (u1 + · · ·+ up−1 + vp+1 + · · ·+ vn). Then
bp ≤ Cn
ˆ
d(u0 − v0) ∧ dc(u0 − v)ωnwp ≤ CnI(u0, v0)1−
1
2n−1 max{I(u0, wp), I(v0, wp)}1−
1
2n−1 ,
where the second equality follows from [BBEGZ16, Lemma 1.9]. Now I(u0, wp) ≤ Cn max{I(u0), I(wp)}.
Since the I and J functionals are comparable, and u 7→ J(u) is convex, it easily follows that I(wp) ≤
CnM . Applying the analogous estimate with v0 instead of u0, we get bp ≤ CnI(u0, v0)
1
2n−1M1−
1
2n−1 .
Similarly, cp ≤ CnI(up, vp)
1
2n−1M1−
1
2n−1 , and the result follows. 
Lemma A.2. If u0, v0 ∈ E1 and fj ∈ E1, 0 ≤ j ≤ n, then∣∣ ˆ (u0 − v0)ωf1 ∧ · · · ∧ ωfn ∣∣ ≤ Cnd1(u0, v0) 12nM1− 12n ,
where M = max{I(u0), I(v0),max1≤j≤n I(fj)}.
Proof. By Lemma A.1 we have
|
ˆ
(u0 − v0)(ωf1 ∧ · · · ∧ ωfn − ωnu0)| ≤ CnI(u0, v0)
1
2nM1−
1
2n . (A.1)
Now [Dar15, Theorem 5.5] shows that
C−1n d1(u0, v0) ≤
ˆ
|u0 − v0|(ωnu0 + ωnv0) ≤ Cnd1(u0, v0).
This first implies that I(u0, v0) =
´
(u0 − v0)(ωnu0 + ωnv0) ≤ Cnd1(u0, v0), and then that
|
ˆ
(u0 − v0)ωnu0 | ≤ CnI(u0, v0) ≤ CnI(u0, v0)
1
2n max{I(u0), I(v0)}1− 12n ≤ Cnd1(u0, v0) 12nM1− 12n .
Combining this with (A.1) completes the proof. 
Corollary A.3. If u ∈ E1 then ∣∣´
X
uωn
∣∣ ≤ Cnd1(u, 0).
Proof. This is a consequence of Lemma A.2, since I(u) ≤ Cnd1(u, 0). 
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